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APPENDIX A — A mode tutorial

This appendix describes some basic theoretical iesudt more complete treatment can be found in Lapwood
and Usami (1981) and Dahlen and Tromp (1998).

Since departures from spherical symmetry are small (particularly in the deep Earth), it is useful to consider an
approximate Earth model which is spherically symmetric, non-rotating, and elastically isotropic. Departures
from this state (anelasticity, anisotropy, rotation and three-dimensional structure) are supposed sufficiently small
that they can be treated by perturbation theory. The model is assumed to be initially quiescent and in a state of
hydrostatic equilibrium. The equations governing the small oscillations of such a body are given by:

9% A
Pogs = V- T — V(s:pog0) — poVp1 +TgoV - (pos) + f (A1)

and

V241 = —47GV - (po9) (A2)

Equation (A1) is the linearized equation for conservation of momentuyis the unperturbed density asds

the displacement field. The acceleration due to gravity is giveg(by= —f go(r), T is the elastic stress tensor

andf is a body force density used to represent the earthquake séurdewhen the Earth is in free oscillation).

Since the motion of the Earth causes a disturbance of the gravitational potential which in turn affects the motion,
we must also solve Poisson’s equation (equation (A2)) wheie the perturbation in the gravitational potential
associated with the motion. Considering the linearized momentum equation (A1), the force densities contributing
to the acceleration of material at a fixed pointin space are respectively: 1) elastic forces caused by the deformation
of the body, 2) motion of material in the initial stress field, 3) forces due to the change in gravitational potential,
and 4) forces due to motion within the initial gravitational field.
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We seek solutions to equations (A1) and (A2) which satisfy certain boundary conditions on the displacement field
and the tractions acting on interfaces (the traction acting on a surface with noisial- f). In particular, the
displacement field must be continuous everywhere except at a fluid-solid boundary where slip is allowed. The
tractions on horizontal surfaces must be continuous at all interfaces and must vanish at the free surface. The usual
way to proceed is to use separation of variables and expand the displacement field in vector spherical harmonics.
We recognize that there may be more than one solution to equations (A1) and (A2) and desigrititasdhation

by s where:

sk:ka+V1kV—f><(V1kW) (A3)

Vi = 989 + t}Scosecﬁac;7 is the horizontal gradient operator afid, V" and; ¥ are scalar functions of position.
We now expangU, .V and, W in ordinary spherical harmonics as well@g. Each of these functions have an
expansion of the form
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where theY;" (0, ¢) are fully normalized spherical harmonics (Edmonds, 1960):
A+1 (I—m)]2
+ —m)! ,

m —(_1y" A m imao

6.0 = 1 |20 G R ceost)e 45)

and theP," are associated Legendre functions. Figure 17 illustrates some Bf'tlsegeographical shapes in the
Hammer—Aitoff projection we also use to illustrate splitting functions.

To proceed, we adopt a constitutive relation for the material to rdlate the deformation of the body. In

the simplest case, a perfectly elastic relation is adopted (the weak attenuation being amenable to treatment by
perturbation theory) an@l = C : e wheree is the strain tensor and is a fourth-order tensor of elastic moduli. In
component form, the constitutive relation is

Ti; = Cijri€n,
where summation over repeated indices is implied. The most general elastic Earth exhibiting spherical symmetry
is “transversely isotropic” (i.e. seismic velocities in the radial direction are different from velocities in the tangent

plane) and is described by five elastic moduli which, in Love notation, at€, IA N, and F. An elastically
isotropic body is described by two elastic modWiandy wherew is known as the shear modulus or rigidity. The
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results for an isotropic body can be recovered from those for a transversely isotropic body using the substitutions:
A=C=X+2u,F=),andL =N =pu.

Substitution of these forms into equations (A1) and (A2) results in four coupled second-order ordinary differential
equations governing the radial dependence of the scalars in equation (A4). (For clarity, we drop the subscripts
onU, V, W, and® so, in the next equatioti = ,U;" etc.)

1/(d ,dd 21
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where

_ 1
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and a prime denotes radial derivative. Note that the equations are dependent upon harmoni@)degfreee(
independent of azimuthal order number Consider equation (A7). For a chosen harmonic degree and frequency,
the solution to these equations will not necessarily match the boundary conditions, notably vanishing of traction
at the free surface. There are however, discrete frequencies fof edmn solutiond¥ (r) can be found which

match all boundary conditions. Such frequencies are the frequencies of free toroidal oscillation of the Earth. For
a particular/, the mode with the lowest frequency of free oscillation is labejlEd the next highest is7; and

so on. The displacement field of th&h mode,, T; which has frequencyw, say is proportional to

aYEnZ
99

3

Y™
88’9 ginert (48)

nsgn = acose(ﬁ nWl(T) - & nWl(T)



for —I < m < [. This kind of motion is called toroidal because it consists of twisting on concentric shells.
Toroidal motion can be sustained only in a solid so toroidal modes are confined to the mantle (another class is
confined to the inner core but cannot be observed at the surface). Note that there is no radial component of motion
and no compression or dilation so there is no perturbation to the gravitational field. This is not true for solutions
to the other three coupled ODEs (equation (A6)). Again there are discrete frequencies for a fixed harmonic
degree where solutions can be found which match all boundary conditions. These are the frequencies of free
spheroidal motion (sometimes called poloidal motion). For a partiéutae mode with the lowest frequency of

free oscillation is labelledS;,, the next highest igS; and so on. The displacement field of thh mode,,.S,

which has frequencyw, say is proportional to

8Y2771,
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Note that in both equations (A8) and (A9), for eachnd/ there are 2+ 1 modes of oscillation with exactly the
same frequency since the governing equations do not dependnupdihis is the phenomenon of degeneracy
which is a consequence of the assumed symmetry of the Earth model. This groip dfrRodes is called a
“multiplet” while the individual members of the multiplet are called “singlets”. Departures of the Earth from
spherical symmetry remove the degeneracy and, in general, each singlet within a multiplet will have a slightly
different frequency.

We can also use the results given above to compute the elastic energy density of a mode. The total elastic energy
of a mode is:

E=/e*~~C:edV (A10)
14
where the double dots indicate tensor contraction. This can be written in terms of the mode scalars as:

E = / {l(l +1)( — 1) + 2)%1/{/2 +1(+ 1)LZZ} r2dr (A11)

for toroidal modes, and

E= / [l(l + 1)1 — 1) + 2)%V2 +1(1+1)LX%+ 2FU'F + (A — N)F? + CU’Z} 2 dr (A12)

for spheroidal modes. For an elastically isotropic material, we can divide the elastic energy into its shear and
compressional components by substituting the bulk mod&iugor A using the relationshigd, = A + 2/3u
yielding



B= [ [5G0+ D0 - 00+ 202 + i+ )27 2 ar (413)

for toroidal modes, and

E= / [ﬁzz(z + 1) — 1)+ 2V2+ ul( + D)X2+ LU — P2+ KU+ F)Z} r2dr  (A14)
r 3

for spheroidal modes. The integrands are plotted in Figure 18 for some representative modes of oscillation and
show how a particular mode samples the Earth.

Returning now to equations (A8) and (A9). For a spherical Earth model, all singlets within a multiplet have the
same frequency so it is easy to sum all singlets to get an expression for a synthetic seismogram for a multiplet:

L
ur,r0) = Y ust(Naay (ro)e’ " (A15)

m=—{

where the real part is understood. For simplicity, we are considering a single component of recording {e.g. the
component) with a receiver atand the source ab. Thea;" are excitation factors for each singlet which can be
computed using a moment tensor model of the source (Gilbert and Dziewonski, 1975; Dahlen and Tromp, 1998).
This equation is equivalent to equation (4) in the text when no 3D structure is present. For a particular source, we
use thej index to indicate a specific recording at locatioand thek index to indicate one of the/2 1 singlets.
Lettingw = ,w; andR;;. = ,,5;"(r) then

uj = Z Rjkakem (A16)
k

This equation is modified when 3D structure is present and an application of perturbation theory results in equation
(4) where the vectoa = a;, k = 1, ..., 2¢ + 1 is now weakly time dependent with the time dependence given by
equation (5):

a(t) = exp (Ht) - a(0) (A17)

andH is the all-importansplitting matrixwhere all of the effects of 3D structure are encoded. As noted in the
text, the elements dfl are linearly related tetructure coefficient@quations 11 and 12) which is the usual way
we describe the effects of 3D structure on a mode. For 3D elastic perturbalieng; and
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Emm’ - Z ,y;n,m’ C;nfm’; ( Al8)

S

Thec! are the elastic structure coefficients and are linear functionals of the spherical harmonic expansion coeffi-
cients for 3D structure (equation 2). The are integrals over three spherical harmonics:

,y;n,m/ - /YZ”*Y;’”"L/}QT”’/ dQ (Alg)
Q
which can be easily computed. Iterative spectral fitting assumes an initial guess for a!seaiodl computes a

synthetic seismogramyg. The derivative of a seismogram with respect t§ B computed by differentiatina(t)
with respect to a’. Let

_ oa(t) ou(t) _ it
et) = act o] act =R-¢gt)e (A20)
Iterative spectral fitting proceeds by iteratively solving:
u(t) — up(t) = ou(t) -oct (A21)
oct

for perturbations to the structure coefficienig,. The fitting is typically done in the frequency domain in a
small frequency band around a mode of interest. The method can be highly non-linear and requires a model of
the source to computg ande. The matrix AR technique described in the body of the text circumvents these
problems.

APPENDIX B: Coriolis Coupling and Splitting parameters

We shall make reference to Appendix D of Dahlen and Tromp (1998). We write U, VV and W for the displacement
scalers u,v and w in their notation. Let us write the elastic splitting matrix in the form

E = E3D +W + (Vell+(:en _ WSTe”)/ZWO (Bl)

wherewg (sometimes writtew) is the reference or fiducial frequency for a set of coupled multiplets. The effects
of velt*reen — 3Tl cannot be distinguished from those of aspherical structdyaqd it is customary to calculate
veltreen 2Tl for a 1D model and subtract it from equation (B1) so that
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E=E3+W (B2)

In equation (B2)E3" is the elastic splitting matrix due to 3D structure aids due to the Coriolis force.

For a split spheroidal multiplet (a self-coupled block&)fthe diagonal o3P is symmetric inm because it
represents axisymmetric structure. It is well known ¥ain this case is diagonal and linearin Let

Gm = 3m/[(2¢ + 1)0(¢ + 1)] (B3)
Then
> omEan, =0 (B4)
and
%j G Wonm = ; Eum =x-Q (B5)

wherey is the Coriolis splitting parameter

X = /p(r) [Vz + 2UV} r? dr (B6)
0

We see thak can be determined from the splitting matrix. It is a linear integral constraint on the 1D density.

For a Coriolis—coupled spheroidal-toroidal pair of multiplegsand,, Ty we must have’ = ¢ & 1. In this case
the diagonal of the coupling block & for whicht = 0(m’ = m) is odd inm. Let

¢m = 3(6££/+15€m/€ + 6M/715Z/m/£l) (B7)

1
whereS,, = [(¢ +m)(¢ —m)/(2¢ + 1)(2¢ — 1)]2 then equation (B4) is again true and

> b B = —iCQ (B8)
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where( is the Coriolis coupling parameter

(= p(r)WA (7’)7“2 dr (B9)
/

andW4(r) is given in equation (D.71) of Dahlen and Tromp (1998). We see(thite v, is a linear constraint
on the 1D density. Both can be recovered frem

Every spheroidal multiple?(> 0) is a potential source for a value pfand every Coriolis—coupled spheroidal—
toroidal pair is a potential source for a value(ofThere are hundreds of the former and many tens of the latter
below 5 mHz. Consequently, it is reasonable to expect to be able to resolve the 1D density with great accuracy
in the not too distant future.
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Figure 17. Some low—order spherical harmonics plotted in Hammer—Aitoff projection. Note that the singlets of

a spheroidal mode have these shapes on the i component of recordings on a spherical Earth (equation A3).



Energy Densities for some Inner-Core Sensitive Modes
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Figure 18. Energy densitiesfor compression and shear asafunction of radiusfor aselection of inner-core sensitive

modes.
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