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Today’s Class

•  What’s a model?
•  Kinds of data - Geomagnetic Elements
•  A bit about Uniqueness
•  Constructing  Geomagnetic Field Models

•  least squares
•  regularization
•  some results - IGRF 2020 & regularized core field models

https://doi.org/10.1029/2021EO153457


Geomagnetic Field Modeling

• Observations are measurements of the magnetic field at specific times and places.

• What about locations where we have no measurements?

• We can combine our observations to provide a model, a mathematical description 
functional form of the Global Geomagnetic Field.  

• Spherical Harmonic representations are the common language of magnetic field models.

• We measure various elements of    , and use them to estimate the SH coefficients in the 
potential,    .

•  Then the gradient of      can be used to give us the “best” estimate of the magnetic field 
at any desired altitude, latitude, and longitude. We need to decide what “best” means.
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Geodetic vs Geocentric vs Geomagnetic coordinates

spin axis

geographic equator

dipole equator

dipole axis

θ

Latitude used in geographic coordinates is geodetic latitude. 
Geodetic coordinates are a type of curvilinear orthogonal 
coordinate system used in geodesy based on a reference ellipsoid. 
They include geodetic latitude (north/south) λ, longitude (east/
west) ϕ, and ellipsoidal height h (also known as geodetic 
height[1]). 

Similarly, geodetic altitude is defined as the height above the 
ellipsoid surface, normal to the ellipsoid; whereas geocentric 
altitude is defined as the distance to the reference ellipsoid along a 
radial line to the geocenter.

In geomagnetic coordinates, commonly used in external field 
studies, the geomagnetic colatitude is measured relative to the best 
fitting dipole axis, and geomagnetic latitude is measured relative to 
the dipole equator.

/geodetic

Geomagnetic elements depend on coordinate system

https://en.wikipedia.org/wiki/Curvilinear_coordinate_system
https://en.wikipedia.org/wiki/Orthogonal_coordinate_system
https://en.wikipedia.org/wiki/Orthogonal_coordinate_system
https://en.wikipedia.org/wiki/Geodesy
https://en.wikipedia.org/wiki/Reference_ellipsoid
https://en.wikipedia.org/wiki/Longitude
https://en.wikipedia.org/wiki/Geodetic_coordinates#cite_note-National_Geodetic_Survey_(U.S.)._National_Geodetic_Survey_(U.S.)_1986_p._107-1


What are the Geomagnetic Elements?

  

Components of the geomagnetic field

F (or B) - magnitude of total field B

X - north component
Y - east component
Z - vertical component, +ve down

D - declination, +ve east
H - horizontal component 
I - inclination, +ve down

In local geographic or geodetic coordinates In geocentric coordinates

Br, positive radially outward
B✓, positive southward on reference sphere
B�, positive eastward on surface sphere
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Geomagnetic Elements and Uniqueness

X, Y, Z - orthogonal components of the geomagnetic field in local coordinate system

Br, Bθ, Bφ – orthogonal components in geocentric reference frame

X =−Bθ

Y =Bφ

Z=−Br

H =(Bθ
2+ Bφ

2)1 /2

F=(Bθ
2+Bφ

2+ Br

2)1 /2

I =arctan [ −Br

( Bθ
2+Bφ

2)1/2 ] where− π
2
⩽I ⩽ π

2

D=arctan [ Bφ

−Bθ
] where−π⩽D⩽π

If we are prepared to assume Earth is a sphere, then for

Note, the spherical approximation does lead to detectable errors in accurate field models. 

= (X2 + Y2 + Z2)1/2

= (X2 + Y2)1/2



  

Construction of Field Models

● Spherical harmonics can be used to define a global geomagnetic field model.

● From this model we can determine any magnetic component at any location of 
interest (outside source regions).

● But, how do we determine the Gauss coefficients defining the spherical 
harmonic model best fitting observations?

MODEL
b

Spherical Harmonic 
Field Model

DATA
d

Magnetic Observations

X i ,Y i , Z i ,

H i , F i ,Di , I i

{g l
m
, hl
m

}

Forward problem

Inverse problem



Suppose we specialize to the case of internal field only

Can we determine the field uniquely?

• If we know  exactly everywhere on a spherical surface, we can find a 
unique representation of the field everywhere Laplace’s equation holds 
(exterior Dirichlet Boundary Value Problem or BVP).

• But |B| is not enough - unlike the gravity case ambiguity about the sign is 
enough to cause problems (George Backus, in 1968 published an example. 
This led to launch of MAGSAT, the first vector magnetic satellite).

• Nor does knowing , the direction of B, everywhere determine B to within 
a scalar multiple.

• In any case we do not know B either everywhere or exactly - this produces 
fundamental non-uniqueness in the results of any modeling activity.

Br

B̂



Mathematical Properties Relevant to Geomagnetic Field Modeling  

J (r > c)

r=a

r=c

r=b

r=R

J (r < a)

Jpol
Js (r=b)

Observatories No sources

Satellite

⊡ Fig. 
Uniqueness of a magnetic field recovered from partial informationwithin a current-carrying shell.
In this special case relevant to geomagnetism, it is assumed that any source can lie below r = a
(internal J(r < a) sources), and above r = c (external J(r > c) sources), no sources can lie within
the lower subshell (a < r < b, the neutral atmosphere), a spherical sheet current can lie at r = b
(the E-region Js(r = b) sources), and only poloidal sources can lie within the upper subshell (b <
r < c, the F-region ionosphere). The knowledge of B on a sphere r = R in the upper subshell (as
provided by, e.g., a satellite) and of enough components of B on the sphere r = a (as provided by,
e.g., observatories at the Earth’s surface), is then enough to recover the field produced by most
sources in many places (see text for details)

neutral atmosphere and is therefore source-free, while the spherical sheet current describes
the ionospheric E-region (which is again considered as in!nitely thin). Finally assume that the
upper subshell describes the ionospheric current-carrying F-region within which near-Earth
satellites orbit. Since those currents are known to be mainly the so-called !eld-aligned cur-
rents at polar latitudes (i.e., aligned with the dominant poloidal !eld, see, e.g., Olsen ), it is
not unreasonable to further assume that those currents have no toroidal components (they are
mainly in radial direction). In other words, assume that no Jshtor sources, but only Jshpol sources
lie in the b < r < c upper subshell.%ese assumptions, together with the previous uniqueness
theorem can then be combined in a very powerful way.

Indeed, since B(R, θ, ϕ) is already assumed to be known on a sphere r = R in the upper
subshell, the Gauss coe&cients (gmn (R), hm

n (R), qmn (R), smn (R)) can be inferred from Eqs. –
.%e (qmn (R), smn (R))Gauss coe&cients then describe the !eld produced below r = R by all
sources above r =R. But since between r =R and r = c only Jshpol sources are to be found which
only produce local toroidal !elds, the only sources contributing to the !eld described by the(qmn (R), smn (R)) coe&cients are the J(r > c) sources. It thus follows that the (qmn (R), smn (R))
are the (qmn , smn ) Gauss coe&cients describing the potential !eld produced below r = c by the
J(r > c) sources. A similar use of the Gauss coe&cients (gmn (R), hm

n (R)) recovered from
Eqs.  and  can then also be made. %ose describe the !eld produced above r = R
by all sources below r = R. But no sources between r = b and r = R contribute. Only
J(r < a) and Js(r = b) sources do. It then also follows that the (gmn (R), hm

n (R)) are the sums(gmn + amn , hm
n + bmn ) of the Gauss coe&cients describing the !eld produced above r = a by the

J(r < a) sources and above r = b by the Js(r = b) sources. %is then brings one back to a

  

(Mandea & Purucker, 2005)

A slightly more realistic view of data gathering and impact on uniqueness



  

Construction of Field Models

● Spherical harmonics can be used to define a global geomagnetic field model.

● From this model we can determine any magnetic component at any location of 
interest (outside source regions).

● But, how do we determine the Gauss coefficients defining the spherical 
harmonic model best fitting observations?

MODEL
b

Spherical Harmonic 
Field Model

DATA
d

Magnetic Observations

X i ,Y i , Z i ,

H i , F i ,Di , I i

{g l
m
, hl
m

}

Forward problem

Inverse problem



d = (d1, d2, d3, ..., dM )T � = (�1,�2, ...,�M )T

d̂ = f(x,m)

x = (x1, x2, x3, ..., xM ) m = (m1,m2, ...,mN )T

�2 =
MX

i=1

1

�2
i

⇥
di � f(xi,m)

⇤2

�2 = ||W(d� d̂)||2 = ||Wd�Wf(m)||2

W = diag(1/�1, 1/�2, ....1/�M ) .

Last time we introduced Least Squares Estimation

 Least Squares Estimation finds m that minimizes the sum of the squared residuals

Data vector Uncertainty estimates

Prediction of data based on forward function f, 
model vector m, and observation position x,

 in matrix notation

and when  f is linear we can write it as the design matrix, F. 

= ||Wd�WFm||2
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Construction of Field Models via Least Squares fit to Spherical Harmonic expansion (SHE)

Back to the fully normalized SHE for the internal part of the field
We now truncate the expansion at some degree L - presumed large enough to accommodate all relevant field structure.

 (r, ✓,�) = a
LX

l=1

lX

m=�l

bml

⇣a
r

⌘l + 1
Y m
l (✓,�) (60)

and we measure
B = �r . (61)

and we want to find the bml by least squares estimation.
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Construction of Field Models via Least Squares fit to Spherical Harmonic expansion (SHE)

Suppose we measure all three orthogonal components of the field Br, B✓, B�

at P locations, a set of M = 3P observations of magnetic elements at sites
rp = (r̂p, ✓̂p, �̂p), the vector field is written B(rp), p = 1, . . . , P .
let ŝpi , for i = 1, . . . , 3 be the unit vector along one of the orthogonal (r, ✓,�)
directions at location rj ,

dj = ŝpi ·B(rj), j = 1, ...,M

=
LX

l=1

lX

m=�l

bml al + 2ŝpi ·r
"
Y m
l (r̂j)

rl + 1
j

#
+ ✏j .

(1)

Note that we have allowed for uncertainty in each observation through ✏j .
We can write a prediction for our observations dj as a matrix equation.

d = Gb + e (63)
<latexit sha1_base64="WjHw1/A0T6R9GL+fNX+QOzoemoA="></latexit><latexit sha1_base64="WjHw1/A0T6R9GL+fNX+QOzoemoA="></latexit><latexit sha1_base64="WjHw1/A0T6R9GL+fNX+QOzoemoA="></latexit><latexit sha1_base64="WjHw1/A0T6R9GL+fNX+QOzoemoA="></latexit>



We need an indexing scheme for:

d = Gb + e (63)

d and e 2 RM ,

b 2 RK is a vector containing an ordered list of the spherical harmonic coe�-
cients bml . K, is given by the truncation level: K = L(L + 2)

G is an M ⇥ K matrix that tell us how to predict the observations based on
their positions rj and the various Y m

l (✓,�).
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Least squares estimation involves finding the values for b that minimize ||e||2 =
||d�Gb||2

the LS solution vector b̃ can be written in terms of the solution to the normal
equations:

b̃ = (GTG)�1GTd. (65)

The least squares solution is the best linear unbiased estimate (BLUE) available
- the resulting coe�cients have the smallest variance amongst such estimates.
Also

E [||e||2] = (M �K)�2 (66)

This is an overdetermined LS problem with M > K, and uncertainty in the
resulting parameter estimates will be proportional to

p
M �K
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Least squares produces results like the IGRF which since 1965 extends to SH degree n=13 

The time dependence of these parameters is modeled as piecewise linear, and is given by

Alken et al. Earth, Planets and Space (2021) 73:49 
https://doi.org/10.1186/s40623-020-01288-x
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Figure 3.3 notes

Radial component of the IGRF1980 magnetic field

     with added noise         without noise

Earth Surface, r=a

r=1.5a

CMB, r=0.547a
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Regularization – an Alternative to Least Squares

• In many geophysical inverse problems:

(i) Models can be very complex, especially those arising from the 
discretization of continuous physical fields, and may possess large ‘null 
spaces’ not constrained by data.

(ii) Data are contaminated by large errors or parts of the model are very 
sensitive to data noise.

Then model non-uniqueness and instability are problems:

i.e. Many models can fit the data within the error estimates and 
minimizing the least squares criteria alone will not necessarily yield the 
most plausible model.



Recall the discussion of interpolation from Lecture 7 

• We used cubic splines to “regularize” time variations by minimizing complexity as 
measured by the integrated second derivative in time of interpolating function.


• Making a static model of the geomagnetic field is similar to interpolation or fitting 
a function to data in time, but now we’re interested in filling in the spatial domain.


• For a snapshot of the field in time we can instead minimize spatial complexity in 
the field represented by our SH model.



  

Regularization – an Alternative to Least Squares

Example: cubic spline interpolation

Figs. 3.4.4.1 and 3.4.4.2 notes

U=∑
j=1

N ( f ( x j)− y j)
2

σ j

2
+λ∫

x1

x N

[ d
2
f

dx
2 ]

2

dx

subject to ∑
j=1

N ( f (x j)− y j)
2

σ j

2
=T

smoothest curve 
connecting the points 
(RMS second derivative)

Interpolation Smoothing Spline - allows misfit

Splines are piecewise degree j polynomials in time used to make a continuous function and up to degree (j-1) derivatives  
at knot points where they join

Minimize the objective functional

�
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is a Lagrange multiplier chosen to make this true



Limitation of Least Squares 

• We don’t know how we should choose L. Truncation may exclude parts of the 
model that are needed.

• Misfit can be specified by a target value for chi-squared by choosing K - the 
normalized sum of squares of residuals- but it includes both measurement error and 
model error

• What model property would it make most sense to minimize? e.g., total energy 
stored in the field for r>a



Regularizing Magnetic Field Models

• Regularization provides a tradeoff between misfit to the observations and some 
property of the field model.

• Misfit can be specified by a target value for chi-squared - the normalized sum of 
squares of residuals

• What model property would it make most sense to minimize? e.g., total energy 
stored in the field for r>a



An Objective Functional for Magnetic field Modeling

• In the spline case we trade off misfit against minimizing the norm given by the 
second derivative of the function f(t) in time

• Misfit can be specified by a target value for chi-squared - the normalized sum of 
squares of residuals

• What model property would it make most sense to minimize? e.g., total energy 
stored in the field for r>a



  

Regularization – an Alternative to Least Squares

Penalty functions:

∫r>a
∣B∣2
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∞

wl ∑
m=−l

l

∣bl
m∣2 , wl>0

total energy in field outside of Earth radius

spatial power spectrum on Earth Surface

Many interesting field spatial complexity properties can be written in the form of sums of  SHE squared coefficients

These are examples of norms, specific measures of the size of the geomagnetic field model b. 
Where did these expression come from?  See equation 70-79 in ch10.pdf for examples using information from the 
Table of SH Lore. 



For the Magnetic Field

Least squares estimation involves finding the values for b that minimize

||e||2 = ||d�Gb||2

As with the splines regularized field models trade o↵misfit against a property
that minimizes complexity

U(b) = ||d�Gb||2 + �
1X

l=1

wl|bml |2, wl > 0

or more compactly
U(b) = ||d�Gb||2 + �||b||2wl

subject to

||d�Gb||2 = T
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Note we’ve gone back to !
It will need to be large to allow for any
 necessary complexity.

l = ∞



Regularization - An Alternative to Least Squares (2)

Some more examples of norms for the field model of the form

||B||2w =
1X

l=1

wl

lX

m=�l

|bml |2, wl > 0.

the wl functions penalize short wavelength structure in the field model with
successively heavier weight for large l:

Z

S(a)
[r1(r̂ ·B)]2d2r̂ wl = l(l + 1)2(l +

1

2
) surface gradient of Br

Z

S(a)
[r2

1(r̂ ·B)]2d2r̂ wl = l2(l + 1)4 surface Laplacian of Br

Z

r<a
JT ·JT d

3r wl ⇡ (l + 1)(2l + 1)2(2l + 3) minimum toroidal current in Earth0s outer core
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Regularization 
Example of core surface field trade-off curve

λ varies along curve



  

Regularization 
Solution on the trade-off curve



  

Regularization 
Solution on the trade-off curve



  

Regularization 
Solution on the trade-off curve



  

Regularization 
Solution on the trade-off curve



  

Regularization 
Solution on the trade-off curve


