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The 1D approximation works well for Earth:



Rainbow Sediment Stratum, Oued Metlili Ghardaia, Algeria

As well as some geologies:



The forward problem - given conductivity as a function of depth, solve for c (GDS) or 
apparent resistivity (MT).  

Can do this by solving for electric field inside the model for a given magnetic field at 
the surface (FD, FE, analytical solutions)

Or can solve for the response directly (stack of layers)



MT in 1D - Analytical methods:

A harmonic, x-directed magnetic field at Earth’s surface Bx = Boe
i!t

Ey = E(z)ei!tgenerates a y-directed electric field that varies with depth
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Analytical methods:

A harmonic, x-directed magnetic field at Earth’s surface Bx = Boe
i!t

Ey = E(z)ei!tgenerates a y-directed electric field that varies with depth

r⇥B = µo�ECombine Ampere’s and Ohm’s Laws

and take the divergence r · (r⇥B) = µor · �(z)E

r · (r⇥A) = 0 r · (sA) = A ·rs+ sr ·Ause a couple of vector identities

and we have 0 = �(z)r ·E+E ·r�(z)

= 0 because E is horizontal and 
gradient of conductivity is vertical

r ·E = 0

r2E = i!µo�E

We thus show that 

and our diffusion equation still holds

(last time we needed to invoke constant  )σ
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r2E = i!µo�E becomes d2E

dz2
= i!µo�(z)E(z)

Given the electrical conductivity , find E throughout z σ(z)
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r2E = i!µo�E becomes d2E

dz2
= i!µo�(z)E(z)

Boundary conditions: E ! 0 as z ! 1
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r2E = i!µo�E becomes d2E

dz2
= i!µo�(z)E(z)

Boundary conditions: E ! 0 as z ! 1

@B

@t
= i!B r⇥E = �@B/@tFor harmonic B: Faraday’s Law becomes r⇥E = �i!B

B = � 1

i!
r⇥Eso B is given by the curl of E
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r2E = i!µo�E becomes d2E

dz2
= i!µo�(z)E(z)

Boundary conditions: E ! 0 as z ! 1

and at the surface (z = 0)

@B

@t
= i!B r⇥E = �@B/@tFor harmonic B: Faraday’s Law becomes r⇥E = �i!B

B = � 1

i!
r⇥Eso B is given by the curl of E

no Ex term because E only in y

in 1D no variations in x or y

only non-zero term

Bx =
1

i!

dEy

dz
So E0(0) = i!Bo
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E0(0) = i!Bo

B has gone away - good.  Let’s choose  so that B0

Our admittance, c, is now c(!) = � Ey

i!Bx
= � E(0)

E0(0)

E0(0) = �1 E(0) = c(!)and
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E0(0) = i!Bo

B has gone away - good.  Let’s choose  so that B0

Our admittance, c, is now c(!) = � Ey

i!Bx
= � E(0)

E0(0)

E0(0) = �1 E(0) = c(!)and

d2E

dz2
= i!µo�(z)E(z) E0(0) = �1solve for andGiven �(z) E(1) = 0

Weidelt (1972) showed that if you know c exactly for all frequencies, you can recover  uniquely.σ(z)

Lahiri and Price (1939) used an analytical solution for a polynomial to fit GDS data.
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Parker and Whaler (1981) created a solution that was invertible.  



Finite differences:

En−1 En+1En

En− 1
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En+ 1
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Divide the world into N nodes
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Finite differences:

En−1 En+1En

En− 1
2

En+ 1
2

En

zn−1 zn+1zn zn+2zn−2

Divide the world into N nodes

E
0(zn) =

En+1 � En

�z
+O(�z) E

00(zn) =
En+1 � 2En + En�1

�z2
+O(�z

2)

En−1 En+1En

En− 1
2

En+ 1
2

En

zn−1 zn+1zn zn+2zn−2
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Finite differences:

En−1 En+1En

En− 1
2

En+ 1
2

En

zn−1 zn+1zn zn+2zn−2

Divide the world into N nodes

E
0(zn) =

En+1 � En

�z
+O(�z) E

00(zn) =
En+1 � 2En + En�1

�z2
+O(�z

2)

En−1 En+1En

En− 1
2

En+ 1
2

En

zn−1 zn+1zn zn+2zn−2

d2E

dz2
= i!µo�(z)E(z) becomes

En+1 � 2En + En�1

�z2
� i!µ0�nEn = 0

n = 2, 3, ..., N � 1
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= i!µo�(z)E(z) becomes

En+1 � 2En + En�1

�z2
� i!µ0�nEn = 0
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En+1 � 2En + En�1

�z2
� i!µ0�nEn = 0 n = 2, 3, ..., N � 1

E2 � E1

�z
= �1 EN = 0

Ax = b

A linear system

in matrix form

x = A�1bsolved:
(in Homework #4).

<latexit sha1_base64="6mVq7/PR5ajQ6cWJ73FFhKqf93w="></latexit>

Ei�1 � (2 +�z2i!µ0�i)Ei + Ei+1 = 0



21

A finite difference grid in 2D

Here conductivities are constant in the cells.  
For the electric field at i,j, the average of the 
4 adjacent conductivities is used.  This is 
clearly an approximation. 



Finite difference in 3D.  A staggered grid is often used.
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Le = s
difference operators 
are placed into the 

matrix L

e is the unknown electric 
field on cell edges

s contains scattering 
terms
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Finite elements:



u00(x) = f(x) , x = [0, 1]

The “weak formulation”:
Z 1

0
f(x)v(x)dx =

Z 1

0
u00(x)v(x)dx

for any smooth test function v(x) with boundary conditions v(0) = v(1) = 0

Consider a PDE
Finite elements:



u00(x) = f(x) , x = [0, 1]

The “weak formulation”:
Z 1

0
f(x)v(x)dx =

Z 1

0
u00(x)v(x)dx

for any smooth test function  with boundary conditions v(0) = v(1) = 0v(x)

Integration by parts:

Consider a PDE
Finite elements:

Z b

a
v(x)u0(x)dx = v(x)u(x)

��b
a
�

Z b

a
v0(x)u(x)dx



Reminder of where integration by parts comes from:

(uv)0 = u0v + uv0

integrate from a to b
Z b

a
(uv)0dx =

Z b

a
[u0v + uv0]dx

uv|ba =

Z b

a
[u0v + uv0]dx

Z b

a
u0v = uv|ba �

Z b

a
uv0



u00(x) = f(x) , x = [0, 1]

The “weak formulation”:
Z 1

0
f(x)v(x)dx =

Z 1

0
u00(x)v(x)dx

for any smooth test function v(x) with boundary conditions v(0) = v(1) = 0

Integration by parts:

Consider a PDE
Finite elements:

Z b

a
v(x)u0(x)dx = v(x)u(x)

��b
a
�

Z b

a
v0(x)u(x)dx

Z 1

0
u00(x)v(x)dx = u(x)0v(x)

��1
0
�

Z 1

0
u0(x)v0(x)dx ⌘ ��(u, v)

applied to the RHS gives

Z 1

0
f(x)v(x)dx = �

Z 1

0
u0(x)v0(x)dx ⌘ ��(u, v)

= zero because of boundary conditions on v(x)
and our weak formulation is



Divide x up into n elements defined by n+1 nodes 



xk xk+1xk-1
0

f(x)

Approximate our function f(x) by piecewise linear functions.



xk xk+1xk-1
0

f(x)

xk xk+1xk-1
0

1

xk xk+1xk-1
0

f(x)

These have a basis of tent functions 

vk(x) =

8
>>>>>><

>>>>>>:

x�xk�1

xk�xk�1
x 2 [xk�1, xk]

xk+1�x
xk+1�xk

x 2 [xk, xk+1]

0 otherwise

given by



xk xk+1xk-1
0

f(x)
Our function is given by

f(x) =
nX

k=1

fkvk(x)

u(x) =
nX

k=1

ukvk(x)

and our unknown solution

u0(x) =
nX

k=1

ukv
0
k(x)

with derivatives



xk xk+1xk-1
0

f(x)
Our function is given by

f(x) =
nX

k=1

fkvk(x)

u(x) =
nX

k=1

ukvk(x)

and our unknown solution

u0(x) =
nX

k=1

ukv
0
k(x)

with derivatives

�
nX

k=1

uk�(vk, v) =
nX

k=1

fk

Z 1

0
vkv(x)dx

The weak formulation

Z 1

0
f(x)v(x)dx = �

Z 1

0
u0(x)v0(x)dx ⌘ ��(u, v)

is now



xk xk+1xk-1
0

f(x)
Our function is given by

f(x) =
nX

k=1

fkvk(x)

u(x) =
nX

k=1

ukvk(x)

and our unknown solution

u0(x) =
nX

k=1

ukv
0
k(x)

with derivatives

�
nX

k=1

uk�(vk, v) =
nX

k=1

fk

Z 1

0
vkv(x)dx

The weak formulation is now

�
nX

k=1

uk�(vk, vj) =
nX

k=1

fk

Z 1

0
vkvjdx for j = 1, ..., n

Bring in the test functions!  Unit tents again:

xk xk+1xk-1
0

1



�
nX

k=1

uk�(vk, vj) =
nX

k=1

fk

Z 1

0
vkvjdx for j = 1, ..., n

This is just another linear system

�Lu = b

Lij = �(vi, vj) =

Z 1

0
v0i(x)v

0
j(x)dx

bj =
nX

k=1

fk

Z 1

0
vkvjdx

which we can solve for u

The integral is zero everywhere except 
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(Z is some large depth.)



Applied to 1D MT:  r2E = i!µo�E

is written as �E00(z) + i!µo�(z)E(z) = 0

and the weak form is �
Z Z

0
E00(z)v(z)dz +

Z Z

0
i!µo�(z)E(z)v(z)dz = 0

(Z is some large depth.)  Integration by parts:

�
⇥
E0(Z)v(Z)� E0(0)v(0)�

Z Z

0
E0(z)v0(z)dz

⇤
+

Z Z

0
i!µo�(z)E(z)v(z)dz = 0

Z Z

0

⇥
E0(z)v0(z) + i!µo�(z)E(z)v(z)

⇤
dz = 0



Applied to 1D MT:  r2E = i!µo�E

is written as �E00(z) + i!µo�(z)E(z) = 0

and the weak form is �
Z Z

0
E00(z)v(z)dz +

Z Z

0
i!µo�(z)E(z)v(z)dz = 0

(Z is some large depth.)  Integration by parts:

�
⇥
E0(Z)v(Z)� E0(0)v(0)�

Z Z

0
E0(z)v0(z)dz

⇤
+

Z Z

0
i!µo�(z)E(z)v(z)dz = 0

Z Z

0

⇥
E0(z)v0(z) + i!µo�(z)E(z)v(z)

⇤
dz = 0

E(z) =
nX

k=1

Ekvk(z)

E in terms of basis functions
Z Z

0

 nX

k=1

Ekv
0
k(z)v

0(z) + i!µo�(z)
nX

k=1

Ekvk(z)v(z)

�
dz = 0

nX

k=1

Z Z

0

⇥
v0k(z)v

0(z) + i!µo�(z)vk(z)v(z)
⇤
dzEk = 0or



nX

k=1

Z Z

0

⇥
v0k(z)v

0(z) + i!µo�(z)vk(z)v(z)
⇤
dzEk = 0

Introduce the test functions v(z) = vj(z), j = 1, ..., n

nX

k=1

Z

⌦j

⇥
v0k(z)v

0
j(z) + i!µo�(z)vk(z)vj(z)

⇤
dzEk = 0 for j = 1, ..., n

gives



nX

k=1

Z Z

0

⇥
v0k(z)v

0(z) + i!µo�(z)vk(z)v(z)
⇤
dzEk = 0

Introduce the test functions v(z) = vj(z), j = 1, ..., n

nX

k=1

Z

⌦j

⇥
v0k(z)v

0
j(z) + i!µo�(z)vk(z)vj(z)

⇤
dzEk = 0 for j = 1, ..., n

gives

xk xk+1xk-1
0

1
σk−1 σk+1σk σk+2

What is going on?   The test functions sample the conductivity between nodes (inside the elements) 



nX

k=1

Z Z

0

⇥
v0k(z)v

0(z) + i!µo�(z)vk(z)v(z)
⇤
dzEk = 0

Introduce the test functions v(z) = vj(z), j = 1, ..., n

nX

k=1

Z

⌦j

⇥
v0k(z)v

0
j(z) + i!µo�(z)vk(z)vj(z)

⇤
dzEk = 0 for j = 1, ..., n

gives

Ax = b

Ajk =

Z zk+1

zk�1

⇥
v0k(z)v

0
j(z) + i!µo�(z)vk(z)vj(z)

⇤
dz xk = Ek b = 0

vk(z) =

8
>>>>>><

>>>>>>:

z�zk�1

�z z 2 [zk�1, zk]

zk+1�z
�z z 2 [zk, zk+1]

0 otherwise

v0k(z) =

8
>>>>>><

>>>>>>:

1
�z z 2 [zk�1, zk]

�1
�z z 2 [zk, zk+1]

0 otherwise



Ajk =

Z zk+1

zk�1

⇥
v0k(z)v

0
j(z) + i!µo�(z)vk(z)vj(z)

⇤
dz

vk(z) =

8
>>>>>><

>>>>>>:

z�zk�1

�z z 2 [zk�1, zk]

zk+1�z
�z z 2 [zk, zk+1]

0 otherwise

v0k(z) =

8
>>>>>><

>>>>>>:

1
�z z 2 [zk�1, zk]

�1
�z z 2 [zk, zk+1]

0 otherwise



Ajk =

Z zk+1

zk�1

⇥
v0k(z)v

0
j(z) + i!µo�(z)vk(z)vj(z)

⇤
dz

vk(z) =

8
>>>>>><

>>>>>>:

z�zk�1

�z z 2 [zk�1, zk]

zk+1�z
�z z 2 [zk, zk+1]

0 otherwise

v0k(z) =

8
>>>>>><

>>>>>>:

1
�z z 2 [zk�1, zk]

�1
�z z 2 [zk, zk+1]

0 otherwise

Ajk =

Z zk+1

zk�1

1

�z2
dz +

Z zk

zk�1

i!µo�k
(z � zk�1)2

�z2
dz +

Z zk+1

zk

i!µo�k+1
(zk+1 � z)2

�z2
dz j = k

For j = k
xk xk+1xk-1

0

1



Ajk =

Z zk+1

zk�1

⇥
v0k(z)v

0
j(z) + i!µo�(z)vk(z)vj(z)

⇤
dz

vk(z) =

8
>>>>>><

>>>>>>:

z�zk�1

�z z 2 [zk�1, zk]

zk+1�z
�z z 2 [zk, zk+1]

0 otherwise

v0k(z) =

8
>>>>>><

>>>>>>:

1
�z z 2 [zk�1, zk]

�1
�z z 2 [zk, zk+1]

0 otherwise

Ajk =

Z zk+1

zk�1

1

�z2
dz +

Z zk

zk�1

i!µo�k
(z � zk�1)2

�z2
dz +

Z zk+1

zk

i!µo�k+1
(zk+1 � z)2

�z2
dz j = k

For j = k
xk xk+1xk-1

0

1

Ajk =
1

�z2


zk+1 � zk�1 + i!µo�k

⇥1
3
(z3k � z3k�1)� zk�1z

2
k + z2k�1zk

⇤
+i!µo�k+1

⇥1
3
(z3k+1 � z3k) + zk+1z

2
k � z2k+1zk

⇤�



For j = k

Ajk =
1

�z2


zk+1 � zk�1 + i!µo�k

⇥1
3
(z3k � z3k�1)� zk�1z

2
k + z2k�1zk

⇤
+i!µo�k+1

⇥1
3
(z3k+1 � z3k) + zk+1z

2
k � z2k+1zk

⇤�



xk xk+1xk-1
0

1

Ajk =
1

�z2


zk�1 � zk + i!µo�k

⇥1
3
(z3k�1 � z3k) + zk�1z

2
k � z2k�1zk

⇤�
For j = k-1

For j = k

Ajk =
1

�z2


zk+1 � zk�1 + i!µo�k

⇥1
3
(z3k � z3k�1)� zk�1z

2
k + z2k�1zk

⇤
+i!µo�k+1

⇥1
3
(z3k+1 � z3k) + zk+1z

2
k � z2k+1zk

⇤�



xk xk+1xk-1
0

1

xk xk+1xk-1
0

1

Ajk =
1

�z2


zk�1 � zk + i!µo�k

⇥1
3
(z3k�1 � z3k) + zk�1z

2
k � z2k�1zk

⇤�
For j = k-1

Ajk =
1

�z2


zk � zk+1 + i!µo�k+1

⇥1
3
(z3k � z3k+1)� zk+1z

2
k + z2k+1zk

⇤�
For j = k+1

For j = k

Ajk =
1

�z2


zk+1 � zk�1 + i!µo�k

⇥1
3
(z3k � z3k�1)� zk�1z

2
k + z2k�1zk

⇤
+i!µo�k+1

⇥1
3
(z3k+1 � z3k) + zk+1z

2
k � z2k+1zk

⇤�



xk xk+1xk-1
0

1

xk xk+1xk-1
0

1

Ajk =
1

�z2


zk�1 � zk + i!µo�k

⇥1
3
(z3k�1 � z3k) + zk�1z

2
k � z2k�1zk

⇤�
For j = k-1

Ajk =
1

�z2


zk � zk+1 + i!µo�k+1

⇥1
3
(z3k � z3k+1)� zk+1z

2
k + z2k+1zk

⇤�
For j = k+1

For j = k

(Just add boundary conditions.) 

Ajk =
1

�z2


zk+1 � zk�1 + i!µo�k

⇥1
3
(z3k � z3k�1)� zk�1z

2
k + z2k�1zk

⇤
+i!µo�k+1

⇥1
3
(z3k+1 � z3k) + zk+1z

2
k � z2k+1zk

⇤�
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Finite elements in 2D.  Electric fields defined on the nodes.  
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Finite elements in 3D.  The electric fields are now defined on the element edges.

Linear basis for e6
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Stack of layers:

σ1

σ2

σ3

h1

h2

h3

z4

z3

z2

z1(= 0)

...
zN

σN

FD and FE methods assume conductivity is a smooth function of z.  They solve for E which allows 
one to compute impedance.  But consider piece-wise constant conductivity - a stack of layers.  It 
turns out we can solve for impedance directly.  
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σ1

σ2

σ3

h1

h2

h3

z4

z3

z2

z1(= 0)

...
zN

σN

We showed that because there are no horizontal gradients in conductivity, our diffusion equation still 
holds in E :

r2E = i!µo�E

with solutions as before for constant conductivity and wavenumber in each layer n (lecture 3)

E(z) = C1e
knz + C2e

�knz, zn  z  zn+1 kn = (i!µ0�n)
1/2

(but this time  does not 
go away within a layer)

C1
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E(z) = C1e
knz + C2e

�knz, zn  z  zn+1 kn = (i!µ0�n)
1/2

A trick:
<latexit sha1_base64="n3o4sUq5GkPhAGgR7dD2igH8gN4="></latexit>

E(z) = A cosh
�
kn(z � zn+1)

�
+B sinh

�
kn(z � zn+1)

�
, zn  z  zn+1
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E(z) = C1e
knz + C2e

�knz, zn  z  zn+1 kn = (i!µ0�n)
1/2

A trick:

sinhx =
1

2
(ex � e�x) coshx =

1

2
(ex + e�x)This works because

Indeed, you can show C1 =
A+B

2eknzn+1
C2 =

A�B

2eknzn+1

<latexit sha1_base64="n3o4sUq5GkPhAGgR7dD2igH8gN4="></latexit>

E(z) = A cosh
�
kn(z � zn+1)

�
+B sinh

�
kn(z � zn+1)

�
, zn  z  zn+1
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E(z) = C1e
knz + C2e

�knz, zn  z  zn+1 kn = (i!µ0�n)
1/2

A trick:

sinhx =
1

2
(ex � e�x) coshx =

1

2
(ex + e�x)This works because

Indeed, you can show C1 =
A+B

2eknzn+1
C2 =

A�B

2eknzn+1

Differentiating

allows us to calculate c(z) anywhere in our model

c(z) = � E(z)

E0(z)

<latexit sha1_base64="z7RNoYOUikZoYojh1jXvVttZlQQ="></latexit>

E0(z) = kn[A sinh
�
kn(z � zn+1)

�
+B cosh

�
kn(z � zn+1)

�
], zn  z  zn+1

<latexit sha1_base64="n3o4sUq5GkPhAGgR7dD2igH8gN4="></latexit>

E(z) = A cosh
�
kn(z � zn+1)

�
+B sinh

�
kn(z � zn+1)

�
, zn  z  zn+1
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σ1

σ2

σ3

h1

h2

h3

z4

z3

z2

z1(= 0)

...
zN

σN

c(z) = −
E(z)
E′ (z)

= −
A cosh(kn(z − zn+1)) + B sinh(kn(z − zn+1))

kn[A sinh(kn(z − zn+1)) + B cosh(kn(z − zn+1))]
zn ≤ z ≤ zn+1
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σ1

σ2

σ3

h1

h2

h3

z4

z3

z2

z1(= 0)

...
zN

σNAt the bottom of layer n, z = zn+1 z � zn+1 = 0so
sinh(0) = 0 and cosh(0) = 1

<latexit sha1_base64="YK5IHv6aIWDJK7eqzb57ltlhSAY=">AAACG3icbVBbS8MwGE3nbc5b1UdfgkOciKMVbw8KczLwcYK7wDZKmqVbWJqWJBVm6U/xxb/iyxBfFHzw39huBdnmgcDJOecjOZ/tMyqVYfxomYXFpeWV7GpubX1jc0vf3qlLLxCY1LDHPNG0kSSMclJTVDHS9AVBrs1Iwx7cJX7jiQhJPf6ohj7puKjHqUMxUrFk6dfYCvlxBG/gSVgpPCcXMzqCbS8egpXDP2USuU2dgcXLUc7S80bRGAPOEzMleZCiaumjdtfDgUu4wgxJ2TINX3VCJBTFjES5diCJj/AA9Ug47hbBg1jqQscT8eEKjtWpHHKlHLp2nHSR6stZLxH/81qBcq46IeV+oAjHk4ecgEHlwWRRsEsFwYoNY4KwoPEPIe4jgbCK15lUN2eLzpP6adG8KJ4/nOVL5XQJWbAH9kEBmOASlMA9qIIawOAVjMAn+NJetDftXfuYRDNaOrMLpqB9/wICzp1t</latexit>

cn+ = � E(zn+1)

E0(zn+1)
= � A

knB

00 0 0

c(z) = −
E(z)
E′ (z)

= −
A cosh(kn(z − zn+1)) + B sinh(kn(z − zn+1))

kn[A sinh(kn(z − zn+1)) + B cosh(kn(z − zn+1))]
zn ≤ z ≤ zn+1
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σ1

σ2

σ3

h1

h2

h3

z4

z3

z2

z1(= 0)

...
zN

σN
At the bottom of layer n,

sinh(0) = 0 and cosh(0) = 1
Because E and E’ must be continuous, this is the 
same as the impedance at the top of layer n+1

<latexit sha1_base64="RkF90Z3twliVKNeEDDuOL5/F+dQ=">AAACJXicbVBbS8MwGE3nbc5b1UdfgkOciKMVby/CnEx8nOAusI2SZukWlqYlSYVZ+nt88Yf44ouIIAr+FdutINs8EDg553wk57N9RqUyjE8tMze/sLiUXc6trK6tb+ibW3XpBQKTGvaYJ5o2koRRTmqKKkaaviDItRlp2IPrxG88ECGpx+/V0CcdF/U4dShGKpYs/QZbIT+M4CU8CiuFx+RiRgew7cVDsLL/p4wjV6kzsHg5UfDYzll63igaI8BZYqYkD1JULf2l3fVw4BKuMENStkzDV50QCUUxI1GuHUjiIzxAPRKOWkZwL5a60PFEfLiCI3Uih1wph64dJ12k+nLaS8T/vFagnItOSLkfKMLx+CEnYFB5MFkZ7FJBsGLDmCAsaPxDiPtIIKzixSbVzemis6R+XDTPiqd3J/lSOV1CFuyAXVAAJjgHJXALqqAGMHgGb+ALfGtP2qv2rn2MoxktndkGE9B+fgGy06DS</latexit>

cn+ = � E(zn+1)

E0(zn+1)
= � A

knB
= cn+1

z = zn+1 z � zn+1 = 0so

c(z) = −
E(z)
E′ (z)

= −
A cosh(kn(z − zn+1)) + B sinh(kn(z − zn+1))

kn[A sinh(kn(z − zn+1)) + B cosh(kn(z − zn+1))]
zn ≤ z ≤ zn+1
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σ1

σ2

σ3

h1

h2

h3

z4

z3

z2

z1(= 0)

...
zN

σN
At the bottom of layer n,

sinh(0) = 0 and cosh(0) = 1

At the top of layer n, soz = zn z � zn+1 = �hn

sinh(�x) = � sinh(x) and cosh(�x) = cosh(x)

<latexit sha1_base64="RkF90Z3twliVKNeEDDuOL5/F+dQ=">AAACJXicbVBbS8MwGE3nbc5b1UdfgkOciKMVby/CnEx8nOAusI2SZukWlqYlSYVZ+nt88Yf44ouIIAr+FdutINs8EDg553wk57N9RqUyjE8tMze/sLiUXc6trK6tb+ibW3XpBQKTGvaYJ5o2koRRTmqKKkaaviDItRlp2IPrxG88ECGpx+/V0CcdF/U4dShGKpYs/QZbIT+M4CU8CiuFx+RiRgew7cVDsLL/p4wjV6kzsHg5UfDYzll63igaI8BZYqYkD1JULf2l3fVw4BKuMENStkzDV50QCUUxI1GuHUjiIzxAPRKOWkZwL5a60PFEfLiCI3Uih1wph64dJ12k+nLaS8T/vFagnItOSLkfKMLx+CEnYFB5MFkZ7FJBsGLDmCAsaPxDiPtIIKzixSbVzemis6R+XDTPiqd3J/lSOV1CFuyAXVAAJjgHJXALqqAGMHgGb+ALfGtP2qv2rn2MoxktndkGE9B+fgGy06DS</latexit>

cn+ = � E(zn+1)

E0(zn+1)
= � A

knB
= cn+1

z = zn+1 z � zn+1 = 0so

−hn−hn −hn −hn

<latexit sha1_base64="dh1t/0hC7gCsISKpjPLKHiEwQ/0="></latexit>

cn = � E(zn)

E0(zn)
= � A cosh(knhn)�B sinh(knhn)

kn[�A sinh(knhn) +B cosh(knhn)]

c(z) = −
E(z)
E′ (z)

= −
A cosh(kn(z − zn+1)) + B sinh(kn(z − zn+1))

kn[A sinh(kn(z − zn+1)) + B cosh(kn(z − zn+1))]
zn ≤ z ≤ zn+1



61

σ1

σ2

σ3

h1

h2

h3

z4

z3

z2

z1(= 0)

...
zN

σN
At the bottom of layer n,

sinh(0) = 0 and cosh(0) = 1

At the top of layer n, soz = zn z � zn+1 = �hn

sinh(�x) = � sinh(x) and cosh(�x) = cosh(x)

cn =
�(A/B) coth(knhn) + 1

kn[�A/B + coth(knhn)]

<latexit sha1_base64="dh1t/0hC7gCsISKpjPLKHiEwQ/0="></latexit>

cn = � E(zn)

E0(zn)
= � A cosh(knhn)�B sinh(knhn)

kn[�A sinh(knhn) +B cosh(knhn)]

divide everything 
by B sinh( )knhn

<latexit sha1_base64="RkF90Z3twliVKNeEDDuOL5/F+dQ=">AAACJXicbVBbS8MwGE3nbc5b1UdfgkOciKMVby/CnEx8nOAusI2SZukWlqYlSYVZ+nt88Yf44ouIIAr+FdutINs8EDg553wk57N9RqUyjE8tMze/sLiUXc6trK6tb+ibW3XpBQKTGvaYJ5o2koRRTmqKKkaaviDItRlp2IPrxG88ECGpx+/V0CcdF/U4dShGKpYs/QZbIT+M4CU8CiuFx+RiRgew7cVDsLL/p4wjV6kzsHg5UfDYzll63igaI8BZYqYkD1JULf2l3fVw4BKuMENStkzDV50QCUUxI1GuHUjiIzxAPRKOWkZwL5a60PFEfLiCI3Uih1wph64dJ12k+nLaS8T/vFagnItOSLkfKMLx+CEnYFB5MFkZ7FJBsGLDmCAsaPxDiPtIIKzixSbVzemis6R+XDTPiqd3J/lSOV1CFuyAXVAAJjgHJXALqqAGMHgGb+ALfGtP2qv2rn2MoxktndkGE9B+fgGy06DS</latexit>

cn+ = � E(zn+1)

E0(zn+1)
= � A

knB
= cn+1

z = zn+1 z � zn+1 = 0so

c(z) = −
E(z)
E′ (z)

= −
A cosh(kn(z − zn+1)) + B sinh(kn(z − zn+1))

kn[A sinh(kn(z − zn+1)) + B cosh(kn(z − zn+1))]
zn ≤ z ≤ zn+1



62

σ1

σ2

σ3

h1

h2

h3

z4

z3

z2

z1(= 0)

...
zN

σN
At the bottom of layer n,

sinh(0) = 0 and cosh(0) = 1

At the top of layer n, soz = zn z � zn+1 = �hn

sinh(�x) = � sinh(x) and cosh(�x) = cosh(x)

cn =
cn+1 coth(knhn) + 1/kn
kncn+1 + coth(knhn)

cn =
�(A/B) coth(knhn) + 1

kn[�A/B + coth(knhn)]

<latexit sha1_base64="dh1t/0hC7gCsISKpjPLKHiEwQ/0="></latexit>

cn = � E(zn)

E0(zn)
= � A cosh(knhn)�B sinh(knhn)

kn[�A sinh(knhn) +B cosh(knhn)]

substitute A/B with 
 and divide by cn+1 kn

<latexit sha1_base64="RkF90Z3twliVKNeEDDuOL5/F+dQ=">AAACJXicbVBbS8MwGE3nbc5b1UdfgkOciKMVby/CnEx8nOAusI2SZukWlqYlSYVZ+nt88Yf44ouIIAr+FdutINs8EDg553wk57N9RqUyjE8tMze/sLiUXc6trK6tb+ibW3XpBQKTGvaYJ5o2koRRTmqKKkaaviDItRlp2IPrxG88ECGpx+/V0CcdF/U4dShGKpYs/QZbIT+M4CU8CiuFx+RiRgew7cVDsLL/p4wjV6kzsHg5UfDYzll63igaI8BZYqYkD1JULf2l3fVw4BKuMENStkzDV50QCUUxI1GuHUjiIzxAPRKOWkZwL5a60PFEfLiCI3Uih1wph64dJ12k+nLaS8T/vFagnItOSLkfKMLx+CEnYFB5MFkZ7FJBsGLDmCAsaPxDiPtIIKzixSbVzemis6R+XDTPiqd3J/lSOV1CFuyAXVAAJjgHJXALqqAGMHgGb+ALfGtP2qv2rn2MoxktndkGE9B+fgGy06DS</latexit>

cn+ = � E(zn+1)

E0(zn+1)
= � A

knB
= cn+1

z = zn+1 z � zn+1 = 0so

c(z) = −
E(z)
E′ (z)

= −
A cosh(kn(z − zn+1)) + B sinh(kn(z − zn+1))

kn[A sinh(kn(z − zn+1)) + B cosh(kn(z − zn+1))]
zn ≤ z ≤ zn+1
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σ1

σ2

σ3

h1

h2

h3

z4

z3

z2

z1(= 0)

...
zN

σN
At the bottom of layer n,

sinh(0) = 0 and cosh(0) = 1

At the top of layer n, soz = zn z � zn+1 = �hn

sinh(�x) = � sinh(x) and cosh(�x) = cosh(x)

cn =
cn+1 coth(knhn) + 1/kn
kncn+1 + coth(knhn)

cn =
�(A/B) coth(knhn) + 1

kn[�A/B + coth(knhn)]

Now we have an expression for c at the top of every layer that uses only that layer’s conductivity 
and thickness and the c at the top of the layer below.

<latexit sha1_base64="dh1t/0hC7gCsISKpjPLKHiEwQ/0="></latexit>

cn = � E(zn)

E0(zn)
= � A cosh(knhn)�B sinh(knhn)

kn[�A sinh(knhn) +B cosh(knhn)]

<latexit sha1_base64="RkF90Z3twliVKNeEDDuOL5/F+dQ=">AAACJXicbVBbS8MwGE3nbc5b1UdfgkOciKMVby/CnEx8nOAusI2SZukWlqYlSYVZ+nt88Yf44ouIIAr+FdutINs8EDg553wk57N9RqUyjE8tMze/sLiUXc6trK6tb+ibW3XpBQKTGvaYJ5o2koRRTmqKKkaaviDItRlp2IPrxG88ECGpx+/V0CcdF/U4dShGKpYs/QZbIT+M4CU8CiuFx+RiRgew7cVDsLL/p4wjV6kzsHg5UfDYzll63igaI8BZYqYkD1JULf2l3fVw4BKuMENStkzDV50QCUUxI1GuHUjiIzxAPRKOWkZwL5a60PFEfLiCI3Uih1wph64dJ12k+nLaS8T/vFagnItOSLkfKMLx+CEnYFB5MFkZ7FJBsGLDmCAsaPxDiPtIIKzixSbVzemis6R+XDTPiqd3J/lSOV1CFuyAXVAAJjgHJXALqqAGMHgGb+ALfGtP2qv2rn2MoxktndkGE9B+fgGy06DS</latexit>

cn+ = � E(zn+1)

E0(zn+1)
= � A

knB
= cn+1

z = zn+1 z � zn+1 = 0so
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σ1

σ2

σ3

h1

h2

h3

z4

z3

z2

z1(= 0)

...
zN

σN

cn =
cn+1 coth(knhn) + 1/kn
kncn+1 + coth(knhn)

c(z = 0) = c1 =
c2 coth(k1h1) + 1/k1
k1c2 + coth(k1h1)

⇢a = !µo|c1|2

We have built a recursion relationship.  We can start with the bottom half-space, for which c is 
analytical, and move up through the layers one by one to the surface, which is where we want our 
measurement.. 

<latexit sha1_base64="QonMzUNg62A5GRUnYbLLRtXXUr4=">AAACO3icbVBNSwMxFMzW7/q16tHLwyJ4Krvi10UoiuCpVLC24JYlm6Y1mGzWJCuUZX+aF0/+Bc9eRLwoeDetC1LrQGCYmcfLmyjhTBvPe3ZKU9Mzs3PzC+XFpeWVVXdt/UrLVBHaJJJL1Y6wppzFtGmY4bSdKIpFxGkruj0d+q17qjST8aUZJLQjcD9mPUawsVLoBiSswzFkPgTS5oAFUtA+hjw7KxQ4yWEsAXmg75SB7FeDYioQaSgDzfoCh/U8D92KV/VGgEniF6SCCjRC9ynoSpIKGhvCsdbXvpeYToaVYYTTvBykmiaY3OI+zUa357BtpS70pLIvNjBSx3JYaD0QkU0KbG70X28o/uddp6Z31MlYnKSGxuRnUS/lYCQMi4QuU5QYPrAEE8XsD4HcYIWJsXWX7en+30MnydVu1T+o7l/sVWonRQnzaBNtoR3ko0NUQ+eogZqIoEf0ij7Qp/PgvDhvzvtPtOQUMxtoDM7XN2sCqzw=</latexit>

cN =
1

i!

E

B
=

1

i

r
1

!µo�N
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σ1

σ2

σ3

h1

h2

h3

z4

z3

z2

z1(= 0)

...
zN

σN

c(z = 0) = c1 =
c2 coth(k1h1) + 1/k1
k1c2 + coth(k1h1)

⇢a = !µo|c1|2

The impedance at any depth only depends on the layers beneath, not above!

<latexit sha1_base64="QonMzUNg62A5GRUnYbLLRtXXUr4=">AAACO3icbVBNSwMxFMzW7/q16tHLwyJ4Krvi10UoiuCpVLC24JYlm6Y1mGzWJCuUZX+aF0/+Bc9eRLwoeDetC1LrQGCYmcfLmyjhTBvPe3ZKU9Mzs3PzC+XFpeWVVXdt/UrLVBHaJJJL1Y6wppzFtGmY4bSdKIpFxGkruj0d+q17qjST8aUZJLQjcD9mPUawsVLoBiSswzFkPgTS5oAFUtA+hjw7KxQ4yWEsAXmg75SB7FeDYioQaSgDzfoCh/U8D92KV/VGgEniF6SCCjRC9ynoSpIKGhvCsdbXvpeYToaVYYTTvBykmiaY3OI+zUa357BtpS70pLIvNjBSx3JYaD0QkU0KbG70X28o/uddp6Z31MlYnKSGxuRnUS/lYCQMi4QuU5QYPrAEE8XsD4HcYIWJsXWX7en+30MnydVu1T+o7l/sVWonRQnzaBNtoR3ko0NUQ+eogZqIoEf0ij7Qp/PgvDhvzvtPtOQUMxtoDM7XN2sCqzw=</latexit>

cN =
1

i!

E

B
=

1

i

r
1

!µo�N

kn = (i!µ0�n)
1/2

cn =
cn+1 coth(knhn) + 1/kn
kncn+1 + coth(knhn)
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Gi =
ki+1Gi+1 + ki tanh(kihi)

ki + ki+1Gi+1 tanh(kihi)
GN = 1 ⇢a =

!µo

|k1G1|2
� = arctan

✓
Imag(k1G1)

Real(k1G1)

◆

Ej+1

Ej
= cosh(kjhj)�Gj sinh(kjhj)

Bj+1

Bj
=

kj+1Gj+1

kjGj

�
cosh(kjhj)�Gj sinh(kjhj)

�

Schmucker (1970):

Ward and Hohmann (1988): 

Zj = Lj
Zj+1 + Lj tanh (ikjhj)

Lj + Zj+1 tanh (ikjhj)
Lj =

!µo

kj
kj =

p
�i!µo�j

Similar recursion relations: 



Weidelt’s transformation:

Analytical solutions exist for a layered, spherically symmetric Earth, but Weidelt (1972) derived a 
way to go from a flat-earth layered solution           into a spherical Earth solution.  For spherical 
harmonic degree 1 

�̄(z)

�(r) = f�4(r/R)�̄

✓
R
(R/r)� (r/R)2

3f(r/R)

◆

f(r/R) =
2R/r + (r/R)2

3
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