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The One Dimensional Earth
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The 1D approximation works well for Earth:
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As well as some geologies:

Rainbow Sediment Stratum, Oued Metlili Ghardaia, Algeria



The forward problem - given conductivity as a function of depth, solve tor ¢ (GDS) or
apparent resistivity (MT).

Can do this by solving for electric field inside the model for a given magnetic field at
the surface (FD, FE, analytical solutions)

Or can solve for the response directly (stack of layers)



MT in 1D - Analytical methods:

A harmonic, x-directed magnetic field at Earth’s surface B, = B,e™*

generates a y-directed electric field that varies with depth E, = E(z2)e™"




Analytical methods:

Bx

A harmonic, x-directed magnetic field at Earth’s surface B, = Bye™"?
generates a y-directed electric field that varies with depth E, = E(z)e™"
Combine Ampere’s and Ohm’s Laws V xB=u,0E

and take the divergence

W\




Bx

Analytical methods: g / p
A harmonic, x-directed magnetic field at Earth’s surface B, = B " é
generates a y-directed electric field that varies with depth E, = E(z)e™"

Combine Ampere’s and Ohm’s Laws V X B = p,0E

and take the divergence V- (VXB)=pu,V-0o(z)E

use a couple of vector identities V- (V X A)/; 0 \va (;) —A-Vs+sV-A

and we have 0=0(2)V-E+E-Vo(z)




Bx

Analytical methods: g / 5
A harmonic, x-directed magnetic field at Earth’s surface B, = B " é
generates a y-directed electric field that varies with depth E, = E(z)e™"

Combine Ampere’s and Ohm’s Laws V X B = p,0E

and take the divergence V- (VXB)=pu,V-0o(z)E

use a couple of vector identities V- (V X A)/; 0 \va (;) —A-Vs+sV-A
and we have 0=0(2)V-E+E-Vo(z)

We thus show that V -E =0 \

= () because E 1s horizontal and

and our diffusion equation still holds gradient of conductivity 1s vertical

VZE = iwpu,ocE (last time we needed to invoke constant ¢ )




d*F
dz?

V?E = iwp,ocE becomes = Weo(2)E(2)

Given the electrical conductivity 6(z), find E throughout z




. d*E
V?E = iwp,ocE becomes e w0 (2)E(2)

Boundary conditions: E—0 as z—



VZE = iwu,0E

Boundary conditions:

d*FE
becomes e iweo (2)E(2)

E—0 as z—

0B
For harmonic B: a7 = iwB  Faraday’s Law V x E = —0B/0t
1
so B 1s given by the curl of E B=-—VXE

(10V,

Bx

W\

becomes

V X E=—iwB




d2E’ . Bx g

V’E = iwp,0E becomes —— = W0 (2)E(z) /
dz? /
Z
Boundary conditions: E—0 as z—
. 0B .
For harmonic B: = =iwB Faraday’s Law V X E=-0B/0t becomes V xE = —iwB
1
so B 1s given by the curl of E B = — V X E
only non-zero term no Ex term because £ only in y

. 8E oLk, O,
" Ox oy

\\"

in 1D no variations 1n x or y

So B, = - Y and at the surface (z = 0) E'(0) = iwB,




E'(0) = iwB, Our admittance, ¢, iS now

B has gone away - good. Let’s choose B, so that




. E E(0 A
E'(0) = iwB, Our admittance, ¢, 1S now c(w) = ——2- = 0) (: . )

iw B, E’(0) (%
B has gone away - good. Let’s choose By, so that E'(0) =-1 and E(0) = c(w)
. *E _ /
Given 0(z) solve ——5 = iwpeo(2)E(z)  for E(c0)=0 and FE'(0)=-1
2

Weidelt (1972) showed that if you know ¢ exactly for all frequencies, you can recover o(z) uniquely.

Lahir1 and Price (1939) used an analytical solution for a polynomial to fit GDS data.



and across the insulating interval z;, < z< z;.; we find

Ey.y = Ej + (2341 —23) D} (52)

=Ej, + (zp11—21)Dyq (53)
Define the admittance just above the k-th conductor in the usual way
Ck = _Ek/D}_z . (54)

Then by means of equations (50), (51) and (53) we can eliminate the E,
and D3 as we did for uniform layers (although C}, is not continuous):

E, E, 1

Ch = -D;,  iwpgtxE,-D; B oyt — D}/Ey,

(55)

1 1

iwugty — Dy, /Ey, - (56)

D;+1
—(Zps1— 25 )D;+1

10 foTp — B,
+1

Finally, dividing by Dj;.; in the bottom tier we find the connection
between the admittance at one level to the one above:

1

C, = (57)

1
Zp1— 2 + Cpa

10 g Ty +

We could solve (48) by recurring upwards in the familiar way, starting
with E(H) =0 = Cg.;, to get the value of E(0) and hence of C; = c(w). But
now we do something different: we substitute repeatedly from the top,
and we get a magnificent continued fraction for the admittance:

clw) =2z, + 1 1 . (58)

iwugry + 1
Z29—21 +

10Ty + 1

Z2a—29 +
3 <2 1

H-ZK

1opyTg + -+

The initial z; allows us to put an insulator at z = 0, rather than a conduct-
ing sheet at the surface. While not exactly the same as the continued
fractions described in the introduction, (58) can be rearranged by similar
elementary algebra to be a finite partial fraction expansion:

K q
clw)=2z1 + kgl i (59)
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Parker and Whaler (1981) created a solution that was 1nvertible.
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Finite differences:

Divide the world into N nodes AV
—

——O0——O——O————OO——0—

“n—2 “n—1 n “n-+1 Zn-+2



Finite differences:

Divide the world into N nodes Az
——-
o amee s @ e e e Oy e O e e O e
“n—2 “n—1 <n “n+1 “n+2
En—l—l — En | !/ En—l—l _ 2En En—l | 9
E'(z,) = AL - O(Az) E"(z,) = N - O(Az7)
E//
Evlz—% E:z—l—%
En—l En En—l—l



Finite differences:

Divide the world into N nodes Az
——-
——O——O———O——0—O——0—
“n—2 “n—1 Zn “n41 “n42
B — F B — 2K E,
/ n+1 n !/ L n+1 n n—1 | 9
E'(z,) = - FO(Az) E" (z,) = N FO(Az7)
E//
E ’ E
En—l o En R En—l—l
——O———O——0O0—o—O0—0—
“n—2 “n—1 Zn “n+1 “n-+2
d?E . E..1—2F, +F,_ _
—— = wieo(2)E(z) becomes ! L iwpgon By =0

dz? A 2



Finite differences:

Divide the world into N nodes Az
Gl
——O—e—0O0——0O0—o—0O—o—
“n—2 “n—1 Zn “n41 “n42
En—l—l _ En En—l—l T 2En En—l
E'(z,) = AL - O(Az) E"(z,) = N - O(Az?)
E//
E E
En_q i En, ’ En—l—l
——O——O——O——o—0O——0—
“n—2 “n—1 Zn “n+1 “n-+2
d*E E.i1—2E,+ FE,,_ _
—5 = iwloo(2)E(z)  becomes ! N L iwngon E, =0 n=23 . N—1

Fo — Ei

Az N




A linear system

En 1 — 2En = En—l
Az?

E. 1 — (2 -+ AZin,u()O'Z‘)Ei + FE;121 =0

in matrix form Ax =0

solved: r=A""b
(in Homework #4).

W ooy =0 n=232,..




A finite difference grid in 2D

y 1 i 1 Here conductivities are constant in the cells.
[ For the electric field at 1,), the average of the
£ 4 adjacent conductivities 1s used. This 1s

clearly an approximation.

f(i+1,))

J+1

21



Finite difference in 3D. A staggered grid 1s often used.

VXE=—wuH

ok, 0L, ,
— —jwuH.
Ox oy et
aEcc ~ EZ _ Ealz):
Oy Ay

VxH=J=0cE

difference operators e is the unknown electric s contains scattering

are placed into the field on cell edges terms
matrix L




Finite elements:
Consider a PDE



Finite elements:
Consider a PDE u'(z) = f(x) , x=][0,1]

The “weak formulation™: / f(x)v(x)de = / v (z)v(z)dx

for any smooth test function v(x) with boundary conditions v(0) = v(1) =



Finite elements:
Consider a PDE u'(z) = f(x) , x=][0,1]

The “weak formulation™: / f(x)v(x)de = / v (z)v(z)dx

for any smooth test function v(x) with boundary conditions v(0) = v(1) =

Integration by parts: / v(z)u (z)de = v(x)u(z)| — / o' (z)u(x)dz



Reminder of where integration by parts comes from:

(uv)’ = u'v + ud'’

b b
/(uv)'daz‘:/ u'v + uv'|dw

b
uv|® :/ u'v + uv'|dx

b b
/ w'v = uv|? — / uv'’
a a

integrate from a to b



Finite elements:

Consider a PDE u(z) = f(z) , x=10,1]
The “weak formulation™: / f(z)v(z)de = / o (z)v(z)dx
for any smooth test function v(x) with boundary conditions v(0) = v(1) =
| b . b
Integration by parts: / v(x)u’(x)dx — U(x)u(x)|a — / v’(x)u(x)dm

applied to the RHS gives

and our weak formulation 1s

/O 1 f(z)v(z)dr = — /O 1 o (2)v' () da



Divide x up 1into n elements defined by n+/ nodes




Approximate our function f(x) by piecewise linear functions.

J(x)




These have a basis of tent functions

f()C) 1T f(x)

0 p 0 - > 0
A1 Ay A1 A1 Ay A1 X Xy Xt
L—Lk—1
e L€ Tp_1,Tk]
. L Ll+1—L
given by vE(T) = Tho1—xn ¥ € | Tk, Tht]

0 otherwise



Our function 1s given by A

N fix)
flz) = Z frvk(z)
k=1
and our unknown solution
n 0 | . |
U(ZC> — Z UV (:B) Xk—l Xk Xk+1
k=1

with derivatives

o (x) = Y uv(x)



Our function 1s given by A

. fix)
f(@) = fror(a)

k=1
and our unknown solution

n 0 | ; . >

U(ZC) — Z UV (:B) Xk—l Xk Xk+1
k=1

with derivatives The weak formulation

u'(x) = f:ukvlg(x) 1 1

1S NOW

n n 1
= > upd(vg,0) =) fk/ v (x)de
k=1 0

k=1



Our function 1s given by A

. fix)
f(@) = fror(a)
k=1
and our unknown solution
n 0 | ; . >
U(ZC> — Z UV (:B) Xk—l Xk Xk+1
k=1
with derivatives The weak formulation 1S now
n n n 1
u' () = Zukv,’{;(a’;) — Zukgb(vk,v) — Z fk/ vpv(x)dx
k=1 k=1 k=1 0

A

Bring in the test functions! Unit tents again: !

1
0

— Zuk¢(vk,vj) = ka/ vpvjde for j=1,...n
= = \
>

Xk- 1 Xk Xk+1



n n 1
— Zuk¢(vk,vj) = ka/ vpvide  for j=1,...n
k=1 k=1 0

This 1s just another linear system

n 1
b; = ka/ VRV AT
k=1 7Y

which we can solve for u

The 1ntegral 1s zero everywhere except

1—kl<1l or |j—1l<1



Applied to 1D MT: VZE = iwu,0E

1S written as —E"(2) +iwp,o(2)E(z) =0



Applied to 1D MT: VZE = iwu,0E
1S written as —E"(2) +iwp,o(2)E(z) =0
: Z Z
and the weak tform 1s — / E"(2)v(z)dz + / iwpeo(2)E(z)v(z)dz =0
0 0

(Z 1s some large depth.)



Applied to 1D MT: VZE = iwu,0E
1S written as —E"(2) +iwp,o(2)E(z) =0
. Z Z
and the weak tform 1s — / E"(2)v(z)dz + / iwpeo(2)E(z)v(z)dz =0
0 0
(Z 1s some large depth.) Integration by parts:

—|E"(Z)v(Z) — E'(0)v(0) —/O E'(2)v'(2)dz| +/O w0 (2)E(z)v(z)dz =0

/() [E/(Z)U/(Z) T iWMOU(Z)E(Z)U(Z)}dz =



Applied to 1D MT: VZE = iwu,0E
1S written as —E"(2) +iwp,o(2)E(z) =0
. Z Z
and the weak tform 1s — / E"(2)v(z)dz + / iwpeo(2)E(z)v(z)dz =0
0 0
(Z 1s some large depth.) Integration by parts:

—|E"(Z)v(Z) — E'(0)v(0) —/O E'(2)v'(2)dz| +/O w0 (2)E(z)v(z)dz =0

/() [E/(Z)U/(Z) T iWMOU(Z)E(Z)U(Z)}dz =

E 1in terms of basis functions

PO =Y B —— [ LB ) + () Y Baneele)

O1 Z/O [U/;(Z)U/(Z) iwﬂoU(Z)ka(Z)U(z)]dzEk —

dz =0



Z/o [UI;(Z)U/(Z) T iwﬂog(z)vk(Z)U(Z)}dZEk =0

k=1
Introduce the test functions v(z) =vi(2), j=1,...,n

g1vVes

Z/ 2) +iwloo(2)vg(2)v ()}dzEk:O for j=1,...,n



Z/o [v,;(z)v’(z) T iwﬂog(z)vk(Z)U(Z)}dZEk =0

k=1
Introduce the test functions v(z) =vi(2), j=1,...,n

g1vVes

Z/ 2) +iwloo(2)vg(2)v ()}dzEk:O for 7 =1,...,n

What 1s going on? The test functions sample the conductivity between nodes (inside the elements)

N

1




Z/o [v,;(z)v’(z) T iwﬂog(z)vk(Z)U(Z)}dZEk =0

k=1
Introduce the test functions v(z) =v(2), j=1,...,n
g1vVes
Z/ 2) + iwpoo (2)vk(2)v;(2)|dzE, =0 for j =1,....n
Ax=Db
“k+1
A = / v, (2)V(2) + iwpoo (2)vi(2)v;(2) ]| dz T = Ey b =0
fk—1
=L 2 € [Zh—1, 2] ~ 2 € |2p—1, 2]
Uk(z) — Zkzlz_z PARS [Zkazk—l—l] ”U;C(Z) — ;—i Z € [Zk,Zk+1]

0 otherwise 0 otherwise



e i % schian
Zkzlz_z z € [Zka Zk—l—l] Uk(z) — Z_i ° < [Zk’ Zk—l_l]

0 otherwaise 0 otherwise



A
~——E 2 € [zK-1, 2] ~ 2 € [zp—1, 2] I
vp(2) = § R~ % € [2k; Zkt1] ve(2) = ¢ & 2 € |2k 2rg1]
0 otherwise 0 otherwise 0 .
Xy
Forj =k )

Zk41 1 Zk L B 2 k41 _ 2
Ak :/ mdz—l—/ LW o Tk (2 = 26-1) dz—l—/ LW o0 41 (Zh41 — 2) dz
Z

2 2



A= [ ) + i (on )y (2)]

A
~——E 2 € [zK-1, 2] ~ 2 € [zp—1, 2] 7
vR(2) = ¢ = 2 € [z, 2p41] ve(2) = == 2 € [2k, 2kt1]
0 otherwise 0 otherwise 0 . >
X X X N
Forj =k - .

Zk41 1 Zk L B 2 k41 _ 2
Ak :/ A—;ﬂd'z—'_/ LW Ok (2 AZ; D dz—l—/ LW o0 ka1 (Zht1 — 2) dz =k

2
“k—1 k—1 “k AZ

1 1 1 )
- 3 3 2 | 2 - 3 3 2 2
Ajr = A2 | PRl T Zk—1 T WO [g(zk — Zj_1) — Zk—1Z) + Zj_12k] TiWHoTE 41 [g( b1 — Zk) T 2R12) — Ziog12k)




Forj =k

, 1
Zk+1 — Rk—1 T WOk [5(

3 3
Ll T Rl—1

, 1
) — Zk—12j + Zh_1%k] HiWoTh41 [g(

3
|

3 2 2
— 2j;) + Zk+12j — Zk+1zk]




Forj =k

L 3

Ajk — A—ZZ _Zk+1 — Zk—1 T WOk [g(zk _ Zi—l
For j = k-1
UL P Lis 3 > o
ik — AZZ Zl—1 2L + IWHU,OL [S(Zk_l Zk) + Rk—1~L ij_lzk}

L 3

) = 2k 21 z] oo [3 (ehar — ) + 2 - 241z




Forj =k

1 1 1 |
: 3 3 2 2 - 3 3 2 2
Ajk — —22 Zk4+1 — Rk—1 T WOk [§(zk — zk_l) — Zk—1% + zk_lzk] +IW U0 k41 [g(zkﬂ — Zk) + Zk+4+12; — zk+1zk]

A
i 4
For j = k-1
A. _L_ o - 1 3 3 2 2 _
jk — 5 | “k—1 Zk+@WMon[ (Zh—1 — 2k) T 2k—12} Zk—1zk}
Az= | 3 ]
Xkl Xk Xk+1
A
Forj = k+1 T
A. _L_ o - 1 3 .3 o 2 2 _
ik = A2 2k Zk+1+@wuogk+1[3(zk Zk:+1) Zk+12k+zk;+1zk]
0 >

k-1 k k+1



Forj =k

1 1 1 |
- 3 3 2 2 - 3 3 2 2
A = Ve ka1l — Zh—1 + WOk [§(Zk — 2y 1) — Zk_12¢ + zk_lzk] +iW o Ok 11 [g(z’fﬂ — 2p) + Zpa12 — zkﬂzk}

A
4
For j = k-1
L] - L 3 3 2 2 _
A]k — A—ZQ Zk—1 — Rk -+ WOk [g(zk_l — Zk:) -+ Zk_lzk — Zk_lzk}
Xkl Xk Xk+1
A
Forj = k+1 LT
L] - L 3 3 2 | 2 _
A = N7 | Bk T Ak + WO kt1 [g(zk — Zpi1) — Rk+12% T zkﬂzk}
(Just add boundary conditions.) 0 >



Finite elements in 2D. Electric fields defined on the nodes.

Complex.1.1.1.poly: 754 vertices, 1461 triangles

;-rqﬁ‘!ﬁmﬁih

BENESSSK |/
s ¢ i‘“h ‘u&%ﬁﬂﬁm

o w
_ e

49



Finite elements in 3D. The electric fields are now defined on the element edges.

[_inear basis for e6

50
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Stack of layers:

FD and FE methods assume conductivity 1s a smooth function of z. They solve for E which allows
one to compute impedance. But consider piece-wise constant conductivity - a stack of layers. It
turns out we can solve for impedance directly.

<1 (: O)
01 h

<2
02 ho

<3
03 hg

<4

<N



We showed that because there are no horizontal gradients in conductivity, our diffusion equation still

holds m E : 5 ,
V‘E =1wu,0E

with solutions as betore for constant conductivity and wavenumber 1n each layer n (lecture 3)

E(z) = Ciefn? 4 Che™ % 2 < 2 < 21 k, = (iw,uoan)l/z
<1 (: O)
(but this time C; does not 01 hq
go away within a layer) IEEE——————————.
02 ho
<3
03 hg
<4
ZN

53



A trick:

E(z) = Ciefn® 4 Che™Fn% 2 < 2 < Zn1 k.,

E(z) = Acosh(kn(z — zn+1)) + B sinh(kn(z — zn+1)),

54



E(Z) — Cleknz —+ 026_767@27 n < z S Zn—+1 kn — (iw:UJOO-n)l/2

A trick:
E(z) = Acosh(ky(z — zn41)) + Bsinh(kn (2 — 2n41)), 20 < 2 < 21
. . 1 €T —x 1 xT —x
This works because sinhz = (e —e™) coshz = _(e” +e77)
A+ B A-B
Indeed, you can show e C2 = o s

5o



E(Z) — Cleknz —+ 026_767@27 n < z S Zn—+1 kn — (iw:UJOO-n)l/2

A trick:
E(z) = Acosh(ky(z — zn41)) + Bsinh(kn (2 — 2n41)), 20 < 2 < 21
. . 1 €T —x 1 xT —x
This works because sinhz = (e —e™) coshz = _(e” +e77)
A+ B A-B
Indeed, you can show C1 = Sy Co = Sy
Differentiating

E'(z) = k,[A sinh(kn(z — zn+1)) + B Cosh(kn(z — an))],

allows us to calculate ¢(z) anywhere in our model

B
=BG

56



E(z)
E(z)

c(z) =

A cosh(k,(z — z,, 1)) + Bsinh(k (z — z,.{))

k.[A sinh(k, (z — z,

1)) + Bcosh(k,(z — z,

)]

2, <727

n — % — <n+l
o1 hq
09 ho
03 hg

57



E(2) A cosh(k,(z — z,,,)) + Bsinh(k,(z —z,.))
c(z) = , — ) Z Z Zp S TS Zyq
E (Z) kn[A Slnh(kn( Zn+1)) + B COSh(kn(Z Zn+1))]
' Y

0 0 0O 0

At the bottom of layern, 2z = 241 S0 z— 2,11 =0
sinh(0) =0 and cosh(0) =1
E(Zn_|_1) A

T T B (1) kB




E(2) A cosh(k,(z — z,.,)) + B sinh(k,(z — 2, 1))
_ 7z, X757

C(Z) — / — . n — < — 4p+l1
E'(2) k [A sinh(k (z —z,,,)) + Bcosh(k,(z —z,.1))]
<1 (: O)
01 h1
02 ho zi
03 hg
<4
<N
ON

At the bottom of layern, 2 = 2Zp4+1 SO 2z — 241 =0
sinh(0) =0 and cosh(0) =1

E(zni1) A Because E and E / must be continuous, this 1s the
Cnt = F'(zne1) koD same as the impedance at the top of layer n+1
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E(2) B A cosh(k,(z — z,,,)) + Bsinh(k,(z — z,. )

c(z) = = . z, <7<z,
E'(z)  ky[Asinh(k,(z/ z,.1) + B cosh(k, (/= z,.1))] " +
"4 "4
~h —h —h —h
At the top of layer n, z=2z, SO z—zZpy1 = —hy,
sinh(—z) = —sinh(x) and cosh(—z) = cosh(x)
 E(z,) Acosh(k,h,) — Bsinh(k,h,)
T T E(2)  kn|—Asimh(kyhy) + Bcosh(knhy,)] o1 iy
02 ho
03 hs
ON

At the bottom of layern, 2 = 2Zp4+1 SO 2z — 241 =0
sinh(0) =0 and cosh(0) =1

- _ E(Zn_|_1) A _ . |
nr E/(Zn_|_1) k’nB nr
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E(z) A cosh(k,(z —z,,1)) + Bsinh(k,(z — z,. 1))

c(z) = = .
E'(2) kylA sinh(k,(z = z,11)) + B cosh(k,(z = Z,41))]
At the top of layer n, z=2z, SO z—zZpy1 = —hy,
sinh(—x) = —sinh(z) and cosh(—x) = cosh(x)
. E(zn) Acosh(k,h,) — Bsinh(k,h,)

E'(z,) kn|—Asinh(k,h,) + B cosh(k,h,)]

divide everything . —(A/B) coth(k,hy) + 1
by B sinh(k h ) " kn[-A/B + coth(knhy),

At the bottom of layern, 2 = 2Zp4+1 SO 2z — 241 =0
sinh(0) =0 and cosh(0) =1

- _ E(Zn_|_1) A _ - |
nr E/(Zn_|_1) k’nB nr

2, <727

n — < — 4An+l
01 h1
02 ho
03 hs
ON

o1



E(z) A cosh(k,(z —z,,1)) + Bsinh(k,(z — z,. 1))

c(z) = = .
E'(2) kylA sinh(k,(z = z,11)) + B cosh(k,(z = Z,41))]
At the top of layer n, z=2z, SO z—zZpy1 = —hy,
sinh(—x) = —sinh(z) and cosh(—x) = cosh(x)
. E(zn) Acosh(k,h,) — Bsinh(k,h,)

E'(z,) kn|—Asinh(k,h,) + B cosh(k,h,)]

- —(A/B) coth(kphy,) + 1
T ke [—A/B + coth(kphy,)

Cni1 coth(kph,) + 1/k,
kyncCna1 + coth(ky,h,)

substitute A/B with
¢,.1 and divide by k,

Cn —

At the bottom of layern, 2 = 2Zp4+1 SO 2z — 241 =0
sinh(0) =0 and cosh(0) =1

- _ E(Zn_|_1) A _ -
et E/(Zn_|_1) k’nB ntl

2, <727

n — < — 4An+l
01 h1
02 ho
03 hs
ON
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Now we have an expression for ¢ at the top of every layer that uses only that layer’s conductivity
and thickness and the c at the top of the layer below.

At the top of layer n, z=2z, SO z—zZpy1 = —hy,
sinh(—z) = —sinh(x) and cosh(—z) = cosh(x)
E(zp) A cosh(k,hy,) — Bsinh(k,h,,)
Cn — — :
E'(z,) kn[— Asinh(kphy, ) + B cosh(kphn)] 71 I
02 ho
—(A/B) coth(k,hy) + 1
Cp, =
kn|—A/B + coth(k,h,)] 03 h3
.o Cni1 coth(kph,) + 1/k,
" kpcny1 + coth(k,hy,)
ON

At the bottom of layern, 2 = 2Zp4+1 SO 2z — 241 =0
sinh(0) =0 and cosh(0) =1

- _ E(Zn_|_1) A _ - |
nr E/(Zn_|_1) k’nB nr
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We have built a recursion relationship. We can start with the bottom half-space, for which c 1s
analytical, and move up through the layers one by one to the surface, which 1s where we want our

measurement..

_ 2
Co COth(kl hl) 1/k1 Pa = w,u0|cl\ S
C(Z ) ol k162 -+ COth(kl hl) L ( )
01 h
22
02 ho
<3
03 hg

Cna1 coth(kph,) + 1/k,

T ke +coth(knhy) T~
1 £ 1 1
welE 1T —
w B 1\ wloOoN
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The impedance at any depth only depends on the layers beneath, not above!

_ 2
Co COth(k’lhl) 1/]61 Pa = LU,UO‘Cl‘
0) = c; = —_—
klcg -+ COth(klhl)

01 h
), ho
03 hs

. _ Cntl coth(k,hy,) + 1/k, kn, = (iwpoon )"

krncCni1 + coth(k,h,) >

1 E 1\/ 1
CN = — — e LR
YT uwB WloO N

05



Similar recursion relations:

Schmucker (1970):
. o | k
Q. — kit1Gii1 + k; tanh(k;h;) Gy =1 Do = kwg 5 O = arctan( ;{na%(k 151))
b kz ki7;_|_1Gz'_|_1 taﬂ:ﬂ(l{?ih@') ‘ L 1‘ ea( 1 1)
b B. k- (3.
J+1 — COSh(kjhj) — Gj Sinh(l{?jhj) J+1 — JH1 g+l (COSh(kjhj) — Gj Slﬂh(l{ijhj))
E, B, el
Ward and Hohmann (1988):
Zii11 4+ L;tanh (tk;h;)
7. = T,. J+ J J" 7] o WU o B .
/ / Lj + Zj—l—l tanh (ijh]> LJ o kj J \/—ZCU/LOO'J'
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Weidelt’s transformation:

Analytical solutions exist for a layered, spherically symmetric Earth, but Weidelt (1972) derived a
way to go from a flat-earth layered solution &(z) 1nto a spherical Earth solution. For spherical
harmonic degree 1

10°
! _( p(R)r) = (r/R)’ _
o(r) = 1~/ Rya (R )
€ 110°
fryR) = 2R O g = o
= o
= 11070
1,000 |
0 1071°

0 2,000 4,000 6,000 km
True depth, r



