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which reduces to solving

where E(0) at the surface was our admittance, c.  We can solve this equation numerically using a 
finite difference approach where conductivity is defined on nodes

d2E

dz2
= i!µo�(z)E(z) E0(0) = �1solve for andGiven �(z) E(1) = 0

r2E = i!µo�E

In lecture 12 we showed that the governing equation for the 1D problem was the same as for a half-space 
of constant conductivity:
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and we cast the solution as a linear system of equations
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Alternatively, in the finite element approach, we defined conductivity on elements, and used linear 
basis functions to describe how E behaves
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dzEk = 0 for j = 1, ..., n

AE = b

This produces a more complicated but still linear system
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We can extend the finite difference and finite element approaches to 2D and 3D models, but the 
governing equations and boundary conditions are quite different.  We saw that in 2D MT we could 
consider two independent modes, Transverse Magnetic and Transverse Electric.  These two modes have 
different governing equations.  

(E polarization)

(B polarization)
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It has become conventional to use a 
coordinate system where y is in the 
strike direction.  That is, 
conductivity only varies in x and z



Transverse Magnetic (TM) mode

r ·E 6= 0

<latexit sha1_base64="39C9+aNOHVlhvnwfIuSaVwiefI4=">AAACCXicbVDLSgMxAMzWV62vVY9egkWoImVXfF2EUhE8VrAP6NaSTbNtaHazJFlxWfYLvPgrXkS8KHjxF/wb020vbR0IDDMTkhk3ZFQqy/o1cguLS8sr+dXC2vrG5pa5vdOQPBKY1DFnXLRcJAmjAakrqhhphYIg32Wk6Q6vR37zkQhJeXCv4pB0fNQPqEcxUlrqmkeJ43qwClN4Baulp+P4EJKHhDrcJ32Uwsx1BkjBOO2aRatsZYDzxJ6QIpig1jV/nB7HkU8ChRmSsm1boeokSCiKGUkLTiRJiPAQ9UmSNUnhgZZ60ONCn0DBTJ3KIV/K2Hd10kdqIGe9kfif146Ud9lJaBBGigR4/JAXMag4HM0Ce1QQrFisCcKC6h9CPEACYaXHK+jq9mzRedI4Kdvn5bO702LlZjJCHuyBfVACNrgAFXALaqAOMHgBb+ATfBnPxqvxbnyMozljcmcXTMH4/gNU4JgJ</latexit>

B = B(x, y)ei!ŷ

The magnetic field is parallel to strike, so

where  is a complex, scalar function.   Note that 

so for the TM mode, we usually eliminate E and work in B. 

B(x, y)



Transverse Magnetic (TM) mode

r⇥B = µoJ r⇥E = �i!B

<latexit sha1_base64="39C9+aNOHVlhvnwfIuSaVwiefI4=">AAACCXicbVDLSgMxAMzWV62vVY9egkWoImVXfF2EUhE8VrAP6NaSTbNtaHazJFlxWfYLvPgrXkS8KHjxF/wb020vbR0IDDMTkhk3ZFQqy/o1cguLS8sr+dXC2vrG5pa5vdOQPBKY1DFnXLRcJAmjAakrqhhphYIg32Wk6Q6vR37zkQhJeXCv4pB0fNQPqEcxUlrqmkeJ43qwClN4Baulp+P4EJKHhDrcJ32Uwsx1BkjBOO2aRatsZYDzxJ6QIpig1jV/nB7HkU8ChRmSsm1boeokSCiKGUkLTiRJiPAQ9UmSNUnhgZZ60ONCn0DBTJ3KIV/K2Hd10kdqIGe9kfif146Ud9lJaBBGigR4/JAXMag4HM0Ce1QQrFisCcKC6h9CPEACYaXHK+jq9mzRedI4Kdvn5bO702LlZjJCHuyBfVACNrgAFXALaqAOMHgBb+ATfBnPxqvxbnyMozljcmcXTMH4/gNU4JgJ</latexit>

B = B(x, y)ei!ŷ

The magnetic field is parallel to strike, so

We have our Maxwell equations for a single frequency  and Ohm’s Lawω

J = �E



Transverse Magnetic (TM) mode

r⇥B = µoJ r⇥E = �i!B

<latexit sha1_base64="39C9+aNOHVlhvnwfIuSaVwiefI4=">AAACCXicbVDLSgMxAMzWV62vVY9egkWoImVXfF2EUhE8VrAP6NaSTbNtaHazJFlxWfYLvPgrXkS8KHjxF/wb020vbR0IDDMTkhk3ZFQqy/o1cguLS8sr+dXC2vrG5pa5vdOQPBKY1DFnXLRcJAmjAakrqhhphYIg32Wk6Q6vR37zkQhJeXCv4pB0fNQPqEcxUlrqmkeJ43qwClN4Baulp+P4EJKHhDrcJ32Uwsx1BkjBOO2aRatsZYDzxJ6QIpig1jV/nB7HkU8ChRmSsm1boeokSCiKGUkLTiRJiPAQ9UmSNUnhgZZ60ONCn0DBTJ3KIV/K2Hd10kdqIGe9kfif146Ud9lJaBBGigR4/JAXMag4HM0Ce1QQrFisCcKC6h9CPEACYaXHK+jq9mzRedI4Kdvn5bO702LlZjJCHuyBfVACNrgAFXALaqAOMHgBb+ATfBnPxqvxbnyMozljcmcXTMH4/gNU4JgJ</latexit>

B = B(x, y)ei!ŷ

The magnetic field is parallel to strike, so

We have our Maxwell equations for a single frequency  and Ohm’s Lawω

J = �E
<latexit sha1_base64="7PSmFeGy9zqvbHspsNRJlCQBxQA=">AAACEHicbVBLS8NAGNzUV62vqEcvHxbBU0nE10UoSsFjBfuApoTNdtMu3U3C7kYoIX/Ci3/Fi4gXFf+B/8akzaWtAwvDzCy7M17EmdKW9WuUVlbX1jfKm5Wt7Z3dPXP/oK3CWBLaIiEPZdfDinIW0JZmmtNuJCkWHqcdb3yX+50nKhULg0c9iWhf4GHAfEawziTXtJ0AexyDo5mgCiBxPB9uU4AbAEfEbgiOYkOBZ0YjhYprVq2aNQUsE7sgVVSg6ZrfziAksaCBJhwr1bOtSPcTLDUjnKYVJ1Y0wmSMhzSZFkrhJJMG4IcyO4GGqTqXw0KpifCypMB6pBa9XPzP68Xav+4nLIhiTQMye8iPOegQ8nVgwCQlmk8ygolk2Q+BjLDERGcb5tXtxaLLpH1Wsy9rFw/n1XqjGKGMjtAxOkU2ukJ1dI+aqIUIekFv6BN9Gc/Gq/FufMyiJaO4c4jmYPz8AYq4miQ=</latexit>

r⇥B = µo�E

<latexit sha1_base64="3Gvt5gRi52ORyrKWZN8OCVLerWw="></latexit>
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✓
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Transverse Magnetic (TM) mode

r⇥B = µoJ r⇥E = �i!B

<latexit sha1_base64="39C9+aNOHVlhvnwfIuSaVwiefI4=">AAACCXicbVDLSgMxAMzWV62vVY9egkWoImVXfF2EUhE8VrAP6NaSTbNtaHazJFlxWfYLvPgrXkS8KHjxF/wb020vbR0IDDMTkhk3ZFQqy/o1cguLS8sr+dXC2vrG5pa5vdOQPBKY1DFnXLRcJAmjAakrqhhphYIg32Wk6Q6vR37zkQhJeXCv4pB0fNQPqEcxUlrqmkeJ43qwClN4Baulp+P4EJKHhDrcJ32Uwsx1BkjBOO2aRatsZYDzxJ6QIpig1jV/nB7HkU8ChRmSsm1boeokSCiKGUkLTiRJiPAQ9UmSNUnhgZZ60ONCn0DBTJ3KIV/K2Hd10kdqIGe9kfif146Ud9lJaBBGigR4/JAXMag4HM0Ce1QQrFisCcKC6h9CPEACYaXHK+jq9mzRedI4Kdvn5bO702LlZjJCHuyBfVACNrgAFXALaqAOMHgBb+ATfBnPxqvxbnyMozljcmcXTMH4/gNU4JgJ</latexit>

B = B(x, y)ei!ŷ

The magnetic field is parallel to strike, so

We have our Maxwell equations for a single frequency  and Ohm’s Lawω

which gives a curl-curl equation in B

J = �E
<latexit sha1_base64="7PSmFeGy9zqvbHspsNRJlCQBxQA=">AAACEHicbVBLS8NAGNzUV62vqEcvHxbBU0nE10UoSsFjBfuApoTNdtMu3U3C7kYoIX/Ci3/Fi4gXFf+B/8akzaWtAwvDzCy7M17EmdKW9WuUVlbX1jfKm5Wt7Z3dPXP/oK3CWBLaIiEPZdfDinIW0JZmmtNuJCkWHqcdb3yX+50nKhULg0c9iWhf4GHAfEawziTXtJ0AexyDo5mgCiBxPB9uU4AbAEfEbgiOYkOBZ0YjhYprVq2aNQUsE7sgVVSg6ZrfziAksaCBJhwr1bOtSPcTLDUjnKYVJ1Y0wmSMhzSZFkrhJJMG4IcyO4GGqTqXw0KpifCypMB6pBa9XPzP68Xav+4nLIhiTQMye8iPOegQ8nVgwCQlmk8ygolk2Q+BjLDERGcb5tXtxaLLpH1Wsy9rFw/n1XqjGKGMjtAxOkU2ukJ1dI+aqIUIekFv6BN9Gc/Gq/FufMyiJaO4c4jmYPz8AYq4miQ=</latexit>

r⇥B = µo�E

<latexit sha1_base64="3Gvt5gRi52ORyrKWZN8OCVLerWw="></latexit>
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<latexit sha1_base64="bIuGmj7Z/GMzAA09O14u/FsYUzw="></latexit>
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1

�
r⇥B

◆
= �i!µoB

<latexit sha1_base64="X+UAZ8w6YBuPrkcUVzbIqgePAqk=">AAACInicbVDLSgMxFM3UV62vqks3wSK4scyIr41QLILLCvYBnTLcSTPT0GQyJBmhlP6NG/9E3Ii4seDHONPWRVsPBE7OuZfkHD/mTBvbHlu5ldW19Y38ZmFre2d3r7h/0NAyUYTWieRStXzQlLOI1g0znLZiRUH4nDb9fjXzm89UaSajJzOIaUdAGLGAETCp5BWrbgQ+B+waJqjG87eh6wf4boRv8RlzpaAhuCLxJHY1CwX82QWvWLLL9gR4mTgzUkIz1Lzim9uVJBE0MoSD1m3Hjk1nCMowwumo4CaaxkD6ENLhJOIIn6RSFwdSpScyeKLOzYHQeiD8dFKA6elFLxP/89qJCW46QxbFiaERmT4UJBwbibO+cJcpSgwfpASIYukPMemBAmLSVrPozmLQZdI4LztX5cvHi1LlflZCHh2hY3SKHHSNKugB1VAdEfSKPtA3Glsv1rv1aX1NR3PWbOcQzcH6+QXiLKJo</latexit>

r⇥r⇥B = �i!µo�B(Note that when  was constant σ )



Transverse Magnetic (TM) mode

r⇥B = µoJ r⇥E = �i!B

<latexit sha1_base64="39C9+aNOHVlhvnwfIuSaVwiefI4=">AAACCXicbVDLSgMxAMzWV62vVY9egkWoImVXfF2EUhE8VrAP6NaSTbNtaHazJFlxWfYLvPgrXkS8KHjxF/wb020vbR0IDDMTkhk3ZFQqy/o1cguLS8sr+dXC2vrG5pa5vdOQPBKY1DFnXLRcJAmjAakrqhhphYIg32Wk6Q6vR37zkQhJeXCv4pB0fNQPqEcxUlrqmkeJ43qwClN4Baulp+P4EJKHhDrcJ32Uwsx1BkjBOO2aRatsZYDzxJ6QIpig1jV/nB7HkU8ChRmSsm1boeokSCiKGUkLTiRJiPAQ9UmSNUnhgZZ60ONCn0DBTJ3KIV/K2Hd10kdqIGe9kfif146Ud9lJaBBGigR4/JAXMag4HM0Ce1QQrFisCcKC6h9CPEACYaXHK+jq9mzRedI4Kdvn5bO702LlZjJCHuyBfVACNrgAFXALaqAOMHgBb+ATfBnPxqvxbnyMozljcmcXTMH4/gNU4JgJ</latexit>

B = B(x, y)ei!ŷ

The magnetic field is parallel to strike, so

We have our Maxwell equations for a single frequency  and Ohm’s Lawω

which gives a curl-curl equation in B

J = �E

<latexit sha1_base64="rBzJ1ovMOBuNrNcQgwVl5/dM6b0=">AAACInicbVDLSsNAANz4rPUV9ehlsQj1YEnE10UoFsFjBfuApoTNdtMu3UfY3Qgl9G+8+CfiRcSLBT/GpM2lrQMLw8wsuzNBxKg2jjOxVlbX1jc2C1vF7Z3dvX374LCpZawwaWDJpGoHSBNGBWkYahhpR4ogHjDSCoa1zG+9EKWpFM9mFJEuR31BQ4qRSSXfrp1TT3LSRx6PfQlh4gUhvB/DO+gJFDAEPUM50bDsqYGcl/LoWdG3S07FmQIuEzcnJZCj7tvvXk/imBNhMENad1wnMt0EKUMxI+OiF2sSITxEfZJMK47haSr1YChVeoSBU3Uuh7jWIx6kSY7MQC96mfif14lNeNtNqIhiQwSePRTGDBoJs71gjyqCDRulBGFF0x9CPEAKYZOumlV3F4suk+ZFxb2uXD1dlqoP+QgFcAxOQBm44AZUwSOogwbA4A18gh8wsV6tD+vL+p5FV6z8zhGYg/X7Bx2GofE=</latexit>

�i!µoB = r⇥ (⇢r⇥B)In terms of resistivity

Substituting for B 
<latexit sha1_base64="wdTUN+pl78jQ+iOAY2FBGCmwQG0=">AAACKnicbZBLS8NAFIVvfNb6irp0M1iEilAS8bURKiIIbirYBzSlTKaTduhkEmYmQgn9R278F67dSHGj4A8xSbNp64GBw/nOMHOvG3KmtGVNjKXlldW19cJGcXNre2fX3NtvqCCShNZJwAPZcrGinAla10xz2golxb7LadMd3qW8+UKlYoF41qOQdnzcF8xjBOsk6pqPjsAux8jRzKcKqbLjeuj2BN0gNUviDIwROkU5UHOo2DVLVsXKhBaNnZsS5Kp1zXenF5DIp0ITjpVq21aoOzGWmhFOx0UnUjTEZIj7NM5GHaPjJOohL5DJERpl6UwP+0qNfDdp+lgP1DxLw/9YO9LedSdmIow0FWT6kBdxpAOU7g31mKRE81FiMJEs+SEiAywx0cl209Ht+UEXTeOsYl9WLp7OS9X7fAkFOIQjKIMNV1CFB6hBHQi8wSd8w4/xanwYE+NrWl0y8jsHMCPj9w9ozaP0</latexit>

r⇥ s(A) = sr⇥A+rs⇥A
<latexit sha1_base64="1M6F+wPa63f//KO+Yl7Hdu6ozSM=">AAAB/nicbVDLSsNAFJ34rPUVdenCwSK4Kon42ggFEVxWsA9oSrmZTtqhkwczN0IIBTf+ihsRNwp+gr/g35i02bT1wMDhnDPce48bSaHRsn6NpeWV1bX10kZ5c2t7Z9fc22/qMFaMN1goQ9V2QXMpAt5AgZK3I8XBdyVvuaPb3G89caVFGDxiEvGuD4NAeIIBZlLPPHICcCVQB4XPNU0d16POEJAmY3pDrXLPrFhVawK6SOyCVEiBes/8cfohi30eIJOgdce2IuymoFAwycdlJ9Y8AjaCAU8n64/pSSb1qReq7AVIJ+pMDnytE9/Nkj7gUM97ufif14nRu+6mIohi5AGbDvJiSTGkeRe0LxRnKJOMAFMi25CyIShgmDWWn27PH7pImmdV+7J68XBeqd0VJZTIITkmp8QmV6RG7kmdNAgjL+SNfJIv49l4Nd6Nj2l0ySj+HJAZGN9/w4aT1g==</latexit>

r⇥ ŷ = 0

<latexit sha1_base64="DHKQykkGGJDuNf/p4oT7VqZn82U="></latexit>

�i!µoBŷ = r⇥ (⇢r⇥Bŷ) = r⇥ (⇢rB ⇥ ŷ)

where we have used and

<latexit sha1_base64="7PSmFeGy9zqvbHspsNRJlCQBxQA=">AAACEHicbVBLS8NAGNzUV62vqEcvHxbBU0nE10UoSsFjBfuApoTNdtMu3U3C7kYoIX/Ci3/Fi4gXFf+B/8akzaWtAwvDzCy7M17EmdKW9WuUVlbX1jfKm5Wt7Z3dPXP/oK3CWBLaIiEPZdfDinIW0JZmmtNuJCkWHqcdb3yX+50nKhULg0c9iWhf4GHAfEawziTXtJ0AexyDo5mgCiBxPB9uU4AbAEfEbgiOYkOBZ0YjhYprVq2aNQUsE7sgVVSg6ZrfziAksaCBJhwr1bOtSPcTLDUjnKYVJ1Y0wmSMhzSZFkrhJJMG4IcyO4GGqTqXw0KpifCypMB6pBa9XPzP68Xav+4nLIhiTQMye8iPOegQ8nVgwCQlmk8ygolk2Q+BjLDERGcb5tXtxaLLpH1Wsy9rFw/n1XqjGKGMjtAxOkU2ukJ1dI+aqIUIekFv6BN9Gc/Gq/FufMyiJaO4c4jmYPz8AYq4miQ=</latexit>

r⇥B = µo�E

<latexit sha1_base64="3Gvt5gRi52ORyrKWZN8OCVLerWw="></latexit>

r⇥
✓
1

�
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= µor⇥E

<latexit sha1_base64="bIuGmj7Z/GMzAA09O14u/FsYUzw="></latexit>

r⇥
✓
1

�
r⇥B

◆
= �i!µoB

<latexit sha1_base64="X+UAZ8w6YBuPrkcUVzbIqgePAqk=">AAACInicbVDLSgMxFM3UV62vqks3wSK4scyIr41QLILLCvYBnTLcSTPT0GQyJBmhlP6NG/9E3Ii4seDHONPWRVsPBE7OuZfkHD/mTBvbHlu5ldW19Y38ZmFre2d3r7h/0NAyUYTWieRStXzQlLOI1g0znLZiRUH4nDb9fjXzm89UaSajJzOIaUdAGLGAETCp5BWrbgQ+B+waJqjG87eh6wf4boRv8RlzpaAhuCLxJHY1CwX82QWvWLLL9gR4mTgzUkIz1Lzim9uVJBE0MoSD1m3Hjk1nCMowwumo4CaaxkD6ENLhJOIIn6RSFwdSpScyeKLOzYHQeiD8dFKA6elFLxP/89qJCW46QxbFiaERmT4UJBwbibO+cJcpSgwfpASIYukPMemBAmLSVrPozmLQZdI4LztX5cvHi1LlflZCHh2hY3SKHHSNKugB1VAdEfSKPtA3Glsv1rv1aX1NR3PWbOcQzcH6+QXiLKJo</latexit>

r⇥r⇥B = �i!µo�B(Note that when  was constant σ )



Transverse Magnetic (TM) mode <latexit sha1_base64="MYPGLUvBFycgeL0i9CVNcMqstqw="></latexit>

�i!µoBŷ = r⇥ (⇢rB ⇥ ŷ)



Transverse Magnetic (TM) mode

Using 

<latexit sha1_base64="MYPGLUvBFycgeL0i9CVNcMqstqw="></latexit>

�i!µoBŷ = r⇥ (⇢rB ⇥ ŷ)

<latexit sha1_base64="M4LOy220uRXGDb9iu/HbAyR2+gQ="></latexit>

r⇥ (A⇥B) = Ar ·B�Br ·A+ (B ·r)A� (A ·r)B

<latexit sha1_base64="ij85iEAM/a+lofSmqP4i4O6Muzw="></latexit>

�i!µoBŷ = ⇢rBr · ŷ � ŷr · (⇢rB) + (ŷ ·r)(⇢rB)� (⇢rB ·r)ŷ



Transverse Magnetic (TM) mode

Using 

<latexit sha1_base64="MYPGLUvBFycgeL0i9CVNcMqstqw="></latexit>

�i!µoBŷ = r⇥ (⇢rB ⇥ ŷ)

<latexit sha1_base64="M4LOy220uRXGDb9iu/HbAyR2+gQ="></latexit>

r⇥ (A⇥B) = Ar ·B�Br ·A+ (B ·r)A� (A ·r)B

so 

<latexit sha1_base64="t6pQwceaRxcQYuMdsHLs5FYOAdA=">AAACAHicbVDLSgMxFL3js9bXqEs30SK4KjPia1MoiOCygn1Ap5RMmmlDM5MhyQhD6caNv+JGxI2CX+Av+Ddm2kFo64HAybknj3P8mDOlHefHWlpeWV1bL2wUN7e2d3btvf2GEokktE4EF7LlY0U5i2hdM81pK5YUhz6nTX94k82bj1QqJqIHnca0E+J+xAJGsDZS1z6qoJEXY6kZ5sgTxor+tukYVZDTtUtO2ZkALRI3JyXIUeva315PkCSkkSYcK9V2nVh3RtmlhNNx0UsUjTEZ4j4dTQKM0YmReigQ0qxIo4k648OhUmnoG2eI9UDNzzLxv1k70cF1Z8SiONE0ItOHgoQjLVDWBuoxSYnmqSGYSGZ+iMgAS0y06axoorvzQRdJ46zsXpYv7s9L1du8hAIcwjGcggtXUIU7qEEdCDzDK3zAp/VkvVhv1vvUumTlZw5gBtbXLwnLlTI=</latexit>

=
@

@y
= 0 = const.ŷ  = const.ŷ

<latexit sha1_base64="ij85iEAM/a+lofSmqP4i4O6Muzw="></latexit>

�i!µoBŷ = ⇢rBr · ŷ � ŷr · (⇢rB) + (ŷ ·r)(⇢rB)� (⇢rB ·r)ŷ

<latexit sha1_base64="PboLZL18mbRUhc/GEwFs634bMp4=">AAACDnicbVDLSsNAANz4rPUV9ehlsQj1UhPxdRFKRfBYwT6gKWGz2bRL9xF2N0Ip/Qcv/ooXES8K/QX/xqTNpa0DC8PMLLszQcyoNo7za62srq1vbBa2its7u3v79sFhU8tEYdLAkknVDpAmjArSMNQw0o4VQTxgpBUM7jO/9UKUplI8m2FMuhz1BI0oRiaVfPucepKTHvJ44ktYg3cQQk+ggCEPh9KUPdWXuQBrZ7Do2yWn4kwBl4mbkxLIUfftiRdKnHAiDGZI647rxKY7QspQzMi46CWaxAgPUI+MpnXG8DSVQhhJlR5h4FSdyyGu9ZAHaZIj09eLXib+53USE912R1TEiSECzx6KEgaNhNk2MKSKYMOGKUFY0fSHEPeRQtikC2bV3cWiy6R5UXGvK1dPl6XqQz5CARyDE1AGLrgBVfAI6qABMHgDH+Ab/Fiv1rv1aX3NoitWfucIzMGa/AFplJmO</latexit>

i!µoB = r · (⇢rB)

This is our governing equation for B in the TM mode. 



Transverse Magnetic (TM) mode
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We just need some boundary conditions.

Our governing equation for B in the TM mode:



Transverse Magnetic (TM) mode
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i!µoB = r · (⇢rB)

We just need some boundary conditions.

At some great depth, H, we can assume conductivity is infinite.  Then 
E goes to zero, but we need a condition on B.  Because Ex is 
continuous, it must be zero just above in the finite conductor, so current 
too must be zero, and from the x component of 

Our governing equation for B in the TM mode:

r⇥B = µoJ
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@B

@z
= 0 on z = H

A condition on a normal derivative is called a Neumann boundary condition.



Transverse Magnetic (TM) mode
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We just need some boundary conditions.

At some great depth, H, we can assume conductivity is infinite.  Then 
E goes to zero, but we need a condition on B.  Because Ex is 
continuous, it must be zero just above in the finite conductor, so current 
too must be zero, and from the x component of 

Our governing equation for B in the TM mode:

r⇥B = µoJ
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@B

@z
= 0 on z = H

A condition on a normal derivative is called a Neumann boundary condition.

At the surface the vertical component of J must be zero because no current flows in the air, and from 
the z component of Ampere’s Law , so By must be constant, or∂B/∂x = 0

B = constant on z = 0

This is called a Dirichlet boundary condition, where the value of the solution is specified.



Transverse Magnetic (TM) mode

We could put perfect insulators or conductors at the sides of the model, 
but it is more efficient to assume the conductivity is constant and use the 
half-space solution, or become 1D and use the layered solution we 
derived previously.

the constant field at the surface must be the source field .  That is, the 
currents induced in the TM mode do not produce fields above the 
conductor.  The fields within the conductor are toroidal fields.  For this 
reason we don’t need to include the air in the model.

Bo

Since

Finally, we note that to predict our MT observations, we need the x-y component of the impedance tensor

B = constant on z = 0
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Zxy =
Ex

By
= � 1

µo�B

@B

@z



and the electric field and currents flow in the y direction:

Transverse Electric (TE) mode
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B = Boe
i!tx̂

The magnetic field is perpendicular to strike, so
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E = E(x, y)ei!tŷ



and the electric field and currents flow in the y direction:

Transverse Electric (TE) mode
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The magnetic field is perpendicular to strike, so
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E = E(x, y)ei!tŷ

r⇥B = µo�ECombine Ampere’s and Ohm’s Laws

and take the divergence
<latexit sha1_base64="6EpTWiINbdLd8GieXC78kpqCsNY=">AAACLHicbVDLSgMxFM3UV62vqks3wSK0IGVGfG2EohTcCBXsAzqlZNJMG5pMhuSOWEt/yY0/4Qe4KeJGwe9w+nDR1gOBk3PPJTnHCwU3YNtDK7G0vLK6llxPbWxube+kd/cqRkWasjJVQumaRwwTPGBl4CBYLdSMSE+wqte9Gc2rj0wbroIH6IWsIUk74D6nBGKpmb5zA+IJgl3aUoCzfzfgkhncdz0fXw9y+Aq7MmqqGa9reFuS7NPxc25iLA5SzXTGzttj4EXiTEkGTVFqpt/clqKRZAFQQYypO3YIjT7RwKlgg5QbGRYS2iVt1h+HHeCjWGphX+n4BIDH6oyPSGN60oudkkDHzM9G4n+zegT+ZaPPgzACFtDJQ34kMCg8ag63uGYURC8mhGoe/xDTDtGEQtzvKLozH3SRVE7yznn+7P40UyhOS0iiA3SIsshBF6iAblEJlRFFr2iIvtC39WK9Wx/W58SasKY7+2gG1s8vZFqlnA==</latexit>

r · (r⇥B) = µor · �(x, z)E



and the electric field and currents flow in the y direction:

Transverse Electric (TE) mode
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E = E(x, y)ei!tŷ

r⇥B = µo�ECombine Ampere’s and Ohm’s Laws

and take the divergence

r · (r⇥A) = 0 r · (sA) = A ·rs+ sr ·Ause a couple of vector identities

and we have
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r2E = i!µ0�E

and the electric field and currents flow in the y direction:

Transverse Electric (TE) mode
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E = E(x, y)ei!tŷ

r⇥B = µo�ECombine Ampere’s and Ohm’s Laws

and take the divergence

r · (r⇥A) = 0 r · (sA) = A ·rs+ sr ·Ause a couple of vector identities

and we have

= 0 because E is only in y directionr ·E = 0We thus show that 

and our diffusion equation still holds
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Transverse Electric (TE) mode Boundary conditions:  As before we put an infinite conductor 
at depth H.  Because , all components of E are 
continuous, so

∇ ⋅ E = 0
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E = 0 on z = H

The fact that  at z = 0 doesn’t help us here, because  for 
all TE solutions.  The top boundary condition is gnarly because the 
TE currents create secondary fields in the air layer.  That is, the TE 
fields are poloidal.  

Jz = 0 Ez = 0
B

J



Transverse Electric (TE) mode Boundary conditions:  As before we put an infinite conductor 
at depth H.  Because , all components of E are 
continuous, so

∇ ⋅ E = 0

Bob Parker shows how you can get an exact boundary condition on z = 0, but it is rather 
complicated and in practice most people just include the air and consider B =  at some 
height above the ground.

Bo

As for the TM mode, you can use constant or 1D conductivities on the sides.  Finally our impedance 
tensor element is given by
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E = 0 on z = H

The fact that  at z = 0 doesn’t help us here, because  for 
all TE solutions.  The top boundary condition is gnarly because the 
TE currents create secondary fields in the air layer.  That is, the TE 
fields are poloidal.  

Jz = 0 Ez = 0
B

J
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In Lecture 3 we derived the diffusion equations by casting Maxwell’s equations in only E or B:
Substituting Ohm’s Law into Ampere’s Law we have 

J = �E r⇥B = µoJ
1

�
r⇥B = µoE

Take the curl r⇥ 1

�
r⇥B = r⇥ µoE and use Faraday’s Law r⇥E = �@B/@t

we get r⇥ 1

�
r⇥B = �µo@B/@t which for fixed frequency is 

r⇥ 1

�
r⇥B+ i!µoB = 0

Fields in 3D:



In Lecture 3 we derived the diffusion equations by casting Maxwell’s equations in only E or B:
Substituting Ohm’s Law into Ampere’s Law we have 

J = �E r⇥B = µoJ
1

�
r⇥B = µoE

Take the curl r⇥ 1

�
r⇥B = r⇥ µoE and use Faraday’s Law r⇥E = �@B/@t

we get r⇥ 1

�
r⇥B = �µo@B/@t which for fixed frequency is 

Similarly, take the curl of Faraday’s Law r⇥r⇥E = � @

@t
r⇥B and use Ampere/Ohm

r⇥r⇥E = ��µo
@

@t
E or r⇥r⇥E+ i!�µoE = 0

r⇥ 1

�
r⇥B+ i!µoB = 0

Fields in 3D:



They can be generalized to include current or magnetic source terms  Js and Ms

r⇥r⇥E+ i!µ0�E = �i!µ0Js � i!r⇥Ms

r⇥ ⇢r⇥H+ i!µ0�H = r⇥ ⇢Js � i!Ms

r⇥r⇥E+ i!�µoE = 0 r⇥ 1

�
r⇥B+ i!µoB = 0

These are the curl-curl equations, which are completely general and can be solved in 2D or 3D.

Both of these equations could be solved, but in practice it is cheaper to solve only one (usually E, to 
avoid having to deal with the gradients in ), and compute the other using Faraday or Ampere.  σ



which reduces to solving

where E(0) at the surface was our admittance, c.  We can solve this equation numerically using a 
finite difference approach where conductivity is defined on nodes

d2E

dz2
= i!µo�(z)E(z) E0(0) = �1solve for andGiven �(z) E(1) = 0

r2E = i!µo�E

In lecture 12 we showed that the governing equation for the 1D problem was the same as for a half-space 
of constant conductivity:

En−1 En+1En

zn−1 zn+1zn zn+2zn−2

σnσn−1σn−2 σn+1 σn+2

En+2En−2

En+1 � 2En + En�1

�z2
� i!µ0�nEn = 0 n = 2, 3, ..., N � 1

E2 � E1

�z
= �1 EN = 0

AE = b

and we cast the solution as a linear system of equations



Finite differences in 2D Here conductivities are constant in the cells and the fields are 
calculated on the nodes.  We saw that the governing equation for 
the TE mode is
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r2E(y, z)� i!µo�E(y, z) = 0
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@z2
� i!µo�E = 0which is
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@2E

@y2
+

@2E

@z2
� i!µo�E = 0which is

At the (i, j) node this can be approximated by
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Ei+1,j � 2Ei,j + Ei�1,j

�y2
+

Ei,j+1 � 2Ei,j + Ei,j�1

�z2
� i!µo�E = 0

or if the mesh is equal in y and z
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1

h2
(Ei+1,j + Ei�1,j + Ei,j+1 + Ei,j�1 � 4Ei,j) = �i!µo�E = 0

If  the 4 conductivities surrounding (i,j) are different, we have to use the average.



Our TE finite difference equation
<latexit sha1_base64="N3qBmerAbR+DErYopkrcap9+ySA="></latexit>

1

h2
(Ei+1,j + Ei�1,j + Ei,j+1 + Ei,j�1 � 4Ei,j) = �i!µo�E = 0

AE = bbecomes one row of our linear system

which looks like
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Our TE finite difference equation
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We need an entry like this for every node (i,j) along with the boundary conditions.  Finally we need 
the vertical derivative at the surface to compute the impedance: 
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Zyx =
Ey

Bx
= � E

i!@E/@z
on z = 0

Since the vertical derivative changes in the atmosphere, the practice is to fit a parabola to the electric 
fields at the three nodes closest to the surface and use the analytical derivative at z = 0.



z

E



Finite differences in 2D The governing equation for the TM mode is

which is

<latexit sha1_base64="PboLZL18mbRUhc/GEwFs634bMp4=">AAACDnicbVDLSsNAANz4rPUV9ehlsQj1UhPxdRFKRfBYwT6gKWGz2bRL9xF2N0Ip/Qcv/ooXES8K/QX/xqTNpa0DC8PMLLszQcyoNo7za62srq1vbBa2its7u3v79sFhU8tEYdLAkknVDpAmjArSMNQw0o4VQTxgpBUM7jO/9UKUplI8m2FMuhz1BI0oRiaVfPucepKTHvJ44ktYg3cQQk+ggCEPh9KUPdWXuQBrZ7Do2yWn4kwBl4mbkxLIUfftiRdKnHAiDGZI647rxKY7QspQzMi46CWaxAgPUI+MpnXG8DSVQhhJlR5h4FSdyyGu9ZAHaZIj09eLXib+53USE912R1TEiSECzx6KEgaNhNk2MKSKYMOGKUFY0fSHEPeRQtikC2bV3cWiy6R5UXGvK1dPl6XqQz5CARyDE1AGLrgBVfAI6qABMHgDH+Ab/Fiv1rv1aX3NoitWfucIzMGa/AFplJmO</latexit>

i!µoB = r · (⇢rB)
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Finite differences in 2D The governing equation for the TM mode is

which is

The first two terms can be approximated as before
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Finite differences in 2D The governing equation for the TM mode is

which is
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For the next two terms we note that central derivatives are more 
accurate



Finite differences in 2D The governing equation for the TM mode is

which is
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For the next two terms we note that central derivatives are more 
accurate

If we call  the average of (i,j-1) and (i,j) then ρyi ρ ρ
<latexit sha1_base64="bVaBA07YoXNRp10JNmMY2plRqSE="></latexit>

@⇢

@y

@B

@y
⇡

✓
⇢yi�1 � ⇢yi

�y

◆✓
Bi+1,j �Bi�1,j

2�y

◆
=

⇢yi�1Bi+1,j � ⇢yi�1Bi�1,j � ⇢yiBi+1,j + ⇢yiBi�1,j

2�y2

<latexit sha1_base64="hniZkDN+SU3PWTi4/Eg9Owt9zOk="></latexit>

=
(⇢yi�1 � ⇢yi)Bi+1,j � (⇢yi�1 � ⇢yi)Bi�1,j

2�y2



A finite difference grid in 3D.  Note that the node spacing in the center of the mesh propagates 
to the edges.



Some Boundary Conditions

Continuity of tangential electric field:

Continuity of normal electric current:

E1 = E2 

J1 = J2 

E1 E2

J1 J2

σ1 σ2

Using a staggered-grid of E along cell edges 
ensures continuity of tangential electric fields:



Curl-curl operator approximated using finite differences 
defined on a paddle wheel around each edge.

�Ex
�y � Ea

x�Eb
x

�y

⇥�H = J = �E

⇤⇥E = �i⇥µH

Ea
x

Eb
x

Ed
y Ec

y

x

z
y

Ha
zHb

z

Hc
x

Hd
x

⇤Ey

⇤x
� ⇤Ex

⇤y
= �i⇥µHz

difference operators 
are placed into the 

matrix L e is the unknown electric 
field on cell edges

rhs

r⇥r⇥E+ i!�µoE = 0

Le = 0



xk xk+1xk-1
0

1
σk−1 σk+1σk σk+2

Alternatively, in the finite element approach, we defined conductivity on elements, and used linear 
basis functions to describe how E behaves

nX

k=1

Z

⌦j

⇥
v0k(z)v

0
j(z) + i!µo�(z)vk(z)vj(z)

⇤
dzEk = 0 for j = 1, ..., n

AE = b

This produces a more complicated but still linear system

xk xk+1xk-1
0

f(x)



Finite elements in 2D.  Electric fields defined on the nodes,
conductivity is constant within each element.



Finite elements in 2D.  Electric fields defined on the nodes,
conductivity is constant within each element.

<latexit sha1_base64="GlwUJjcNJH5cxJVBKCTOWxdM73g="></latexit> mX

e=1

nX

j=1

Z

⌦e

(rvi ·rvj + i!µo�evivj)Ej d⌦e = 0, i = 1, ..., n

<latexit sha1_base64="Tg/AaHE0fxFg5ydcl+qAjikaGWY="></latexit>

Aij =
mX

e=1

Z

⌦e

(rvi ·rvj + i!µo�evivj)

<latexit sha1_base64="Y6XnXxRYb/jjoQz4xSvNrkShZKU=">AAAB8XicbVDLSgMxFL1TX7W+xrp0EyyCqzIjvjZCRQSXFewD2lKSNNOGZh4kGWkZ5kPciLhR8Ef8Bf/GdDqbth4IHM454d5zSSS40o7zaxXW1jc2t4rbpZ3dvf0D+7DcVGEsKWvQUISyTbBiggesobkWrB1Jhn0iWIuM72d+64VJxcPgWU8j1vPxMOAep1gbqW+Xky7x0N0kRbcooyTt2xWn6mRAq8TNSQVy1Pv2T3cQ0thngaYCK9VxnUj3Eiw1p4KlpW6sWITpGA9Zkm2colMjDZAXSvMCjTJ1IYd9paY+MUkf65Fa9mbif14n1t5NL+FBFGsW0PkgLxZIh2hWHw24ZFSLqSGYSm42RHSEJabaHKlkqrvLRVdJ87zqXlUvny4qtYf8CEU4hhM4AxeuoQaPUIcGUJjAG3zCl6WsV+vd+phHC1b+5wgWYH3/AUDajyc=</latexit>

Ax = b

<latexit sha1_base64="xsDJrb/DNdZo3kaMG882jeZk0M4=">AAAB5nicbVBdSwJBFL1rX2ZfVo+9DEnQk+xGVi+BEEKPBvkRKsvsOKujsx/M3I1E/Au9RPRS0M/pL/RvGnVf1A4MHM45w73nerEUGm3718qsrW9sbmW3czu7e/sH+cOjuo4SxXiNRTJSTY9qLkXIayhQ8masOA08yRve8G7qN5650iIKH3EU805Ae6HwBaNopKcXd0BuScUduPmCXbRnIKvESUkBUlTd/E+7G7Ek4CEySbVuOXaMnTFVKJjkk1w70TymbEh7fDxbc0LOjNQlfqTMC5HM1IUcDbQeBZ5JBhT7etmbiv95rQT9m85YhHGCPGTzQX4iCUZk2pl0heIM5cgQypQwGxLWp4oyNJfJmerOctFVUr8oOlfF0sNloVxJj5CFEziFc3DgGspwD1WoAYMA3uATvqy+9Wq9Wx/zaMZK/xzDAqzvP4J4i1g=</latexit>

xj = Ej

<latexit sha1_base64="sv8ItRQ9r4q1K5LgPu980vLreCM=">AAAB5HicbVDLSgMxFL3xWeur6tJNsAiuyoz42ggFEVxWsA9oS8mkmTY2MxmSO0Ip/QM3Im4U/B5/wb8xbWfT1gOBwzkn3HtukChp0fN+ycrq2vrGZm4rv72zu7dfODisWZ0aLqpcK20aAbNCyVhUUaISjcQIFgVK1IPB3cSvvwhjpY6fcJiIdsR6sQwlZ+iketB5prfU6xSKXsmbgi4TPyNFyFDpFH5aXc3TSMTIFbO26XsJtkfMoORKjPOt1IqE8QHridF0yTE9dVKXhtq4FyOdqnM5Flk7jAKXjBj27aI3Ef/zmimGN+2RjJMURcxng8JUUdR00ph2pREc1dARxo10G1LeZ4ZxdHfJu+r+YtFlUjsv+Vely8eLYvk+O0IOjuEEzsCHayjDA1SgChwG8Aaf8EVC8kreyccsukKyP0cwB/L9B8tbilA=</latexit>

bj = 0

(plus boundary conditions)



Finite elements in 3D.  The electric fields are now defined on the element edges.

Linear basis for e6




