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 is electrical conductivity, units S/m (S = 1/Ω).   Relates  through Ohm’s Law. 

 is electrical resistivity, units Ωm.  Just the reciprocal of conductivity. 

B is magnetic field, units of Tesla, although nT is more useful in geophysics.  Also called flux density.

H is magnetizing field, units of A/m.  A mathematical construct.  Also called magnetic field.

E is the electric field, units V/m.  The field created by a charge.

J is electric current density, units A/m2 . Flow of charge through a material.

 is magnetic permeability.  A measure of how well a material magnetizes.  Relates .  

 is permeability of free space.  Almost exactly  Tm/A (H/m).

 is electric permittivity.  A measure of how charges polarize in a material.  Relates .

 is permittivity of free space.  It is  8.85   C/(Vm) (F/m).

Review of terminology:

σ J = σE
ρ

μ B = μH
μo 4π × 10−7

ϵ D = ϵE
ϵo 1/c2μo ≈ × 10−12
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Gauss’ Divergence Theorem
The divergence theorem links the flux of a (continuously differentiable) vector field A through a 
closed surface S to the divergence of the field in the volume V enclosed by the surface.

At any point on the surface S = @V we can define the outward pointing unit

normal vector n̂. Then the divergence theorem states

Z

V
(r.A)dV =

Z

@V
(A · n̂)dS

In words, we are relating the sum (integral) of all the sources in the volume V

to the total flow across the boundary S.

The divergence theorem allows us to write some physical laws in two ways:

(1) a di↵erential form - one quantity is the divergence of another) (2) an integral

form - flux one quantity through a closed surface is equal to another quantity

e.g. Gauss’s laws in electrostatics, magnetism, and gravity.
<latexit sha1_base64="xFnNGPirsPKHyZZaM7MEw8k7ASc="></latexit><latexit sha1_base64="xFnNGPirsPKHyZZaM7MEw8k7ASc="></latexit><latexit sha1_base64="xFnNGPirsPKHyZZaM7MEw8k7ASc="></latexit><latexit sha1_base64="xFnNGPirsPKHyZZaM7MEw8k7ASc="></latexit>

Wikipedia
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<latexit sha1_base64="L/i850KglES1GpeblHVp/MbJulY=">AAACHHicbVBJSwMxGM3Urdat6tFLsAieyoy4XQoFEQQPtmAX6JSSyWTa0MxkSL4RyjDgL/HiX/GgiBcFwX9julxafRB4ee/L8p4XC67Btn+s3NLyyupafr2wsbm1vVPc3WtqmSjKGlQKqdoe0UzwiDWAg2DtWDESeoK1vOHV2G89MKW5jO5hFLNuSPoRDzglYKReseLyCHruXcj6BKeuF+DrzKW+BLNRIfaziaYzXMFp3ZXmKuyyWHNhDsusVyzZZXsC/Jc4M1JCM9R6xVfXlzQJWQRUEK07jh1DNyUKOBUsK7iJZjGhQ9Jn6SRcho+M5ONAKrMiwBN1bo6EWo9Cz0yGBAZ60RuL/3mdBILLbsqjOAEW0elDQSIwSDxuCvtcMQpiZAihipsfYjogilAwfRZMdGcx6F/SPCk75+Wz+mmpevs4LSGPDtAhOkYOukBVdINqqIEoekZv6BN9WU/Wi/VufUxHc9asuH00B+v7F4LgoeU=</latexit>Z

⌦
E · ds = Q

✏o

<latexit sha1_base64="w4lCz4GeoHpEr3nfarY0+Iczv1Y=">AAACDHicbVDLSgMxAMz6rPW16tFLsAheLLvi6yIURBC8VLAPaErJptk2NJssSVYoy4Jf4MVf8SLiRUH8Bf/GbNtLWwcCw8yEZCaIOdPG836dhcWl5ZXVwlpxfWNza9vd2a1rmShCa0RyqZoB1pQzQWuGGU6bsaI4CjhtBIPr3G88UqWZFA9mGNN2hHuChYxgY6WOe4wEDjhGpCtNioIQ3mTwCqZI9SVE0t6EiMaacZuVWbHjlryyNwKcJ/6ElMAE1Y77g7qSJBEVhnCsdcv3YtNOsTKMcJoVUaJpjMkA92g6KpPBQyt1YSiVPcLAkTqVw5HWwyiwyQibvp71cvE/r5WY8LKdMhEnhgoyfihMODQS5svALlOUGD60BBPF7A8h6WOFibH75dX92aLzpH5S9s/LZ/enpcrd03iEAtgHB+AI+OACVMAtqIIaIOAFvIFP8OU8O6/Ou/Mxji44k+H2wBSc7z/6KJss</latexit>

r ·E =
⇢

✏o
Gauss’ Law:

Q

E

Faraday’s Law:
<latexit sha1_base64="CMnaWbciHIbv33JdHOVPTNsGRFw=">AAACJXicbVDLSgMxFM34rPVVdekmWAQ3lhnxtRGKoghuKtgHOGXIZDI2NDMZkjtCGQb8Gzd+iBs3IoIo+CumDxetHgicnHu4yTl+IrgG2/6wpqZnZufmCwvFxaXlldXS2npDy1RRVqdSSNXyiWaCx6wOHARrJYqRyBes6XfP+vPmPVOay/gGeglrR+Qu5iGnBIzklS5cyWPwKM5cP8TnuUsDCeaiIhzkA03k+ATv4mykubUO906xK83WXx/kXqlsV+wB8F/ijEgZjVDzSs9uIGkasRioIFrfOnYC7Ywo4FSwvOimmiWEdskdywYpc7xtpACHUpkTAx6oYz4Sad2LfOOMCHT05Kwv/je7TSE8bmc8TlJgMR0+FKYCg8T9ynDAFaMgeoYQqrj5IaYdoggFU2zRRHcmg/4ljb2Kc1g5uN4vV68ehiUU0CbaQjvIQUeoii5RDdURRU/oFX2iL+vRerHerPehdcoaFbeBxmB9/wBFR6S9</latexit>I

c
E · dl = �d�B

dt

<latexit sha1_base64="mLWY6358izXOffJP8HR0FwkI7GA=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwY5kRXwuFogiCmwr2AZ1SMmmmDc0kQ5IRyjDgj7jxV9wUcaPgwr8x0xahrQcCh3Mu9+YcP2JUacf5sXILi0vLK/nVwtr6xuaWvb1TUyKWmFSxYEI2fKQIo5xUNdWMNCJJUOgzUvf7N5lffyJSUcEf9SAirRB1OQ0oRtpIbfvS48hnCHqahkTBxPMDeJvCK3iUeBGSmiI2Fq9T6AmzCf7JOm3bRafkjADniTshRTBBpW0PvY7AcUi4xgwp1XSdSLeSbCFmJC14sSIRwn3UJckoWwoPjNSBgZDmcQ1H6tQcCpUahL6ZDJHuqVkvE//zmrEOLloJ5VGsCcfjQ0FsYgmYFQU7VBKs2cAQhCU1P4S4hyTC2tRZMNHd2aDzpHZccs9Kpw8nxfL987iEPNgD++AQuOAclMEdqIAqwOAVDMEn+LJerDfr3foYj+asSXG7YArW9y9QbKCY</latexit>

r⇥E = �@B

@t

E

dB
dt

Gauss’ Law 
(magnetism):

<latexit sha1_base64="5D+44GtCXLW0nGydk1Me61+jefM=">AAACC3icbVBLSwMxGMzWV62vVY9egkXwIGVXfF2EohfBgxXsA7qlZLPZNjT7IPlWKMuCf8CLf8WLiBcFwb/gvzHd9tLWgcBkZiCZcWPBFVjWr1FYWFxaXimultbWNza3zO2dhooSSVmdRiKSLZcoJnjI6sBBsFYsGQlcwZru4HrkNx+ZVDwKH2AYs05AeiH3OSWgpa555PAQus5dwHoEp47r46vMoV4E+iID7GW5pjJ8iS3cNctWxcqB54k9IWU0Qa1r/jheRJOAhUAFUaptWzF0UiKBU8GykpMoFhM6ID2W5l0yfKAlD/uR1CcEnKtTORIoNQxcnQwI9NWsNxL/89oJ+BedlIdxAiyk44f8RGCI8GgY7HHJKIihJoRKrn+IaZ9IQkHPV9LV7dmi86RxXLHPKqf3J+Xq7dN4hCLaQ/voENnoHFXRDaqhOqLoBb2hT/RlPBuvxrvxMY4WjMlwu2gKxvcf7TmZ4w==</latexit>Z

⌦
B · ds = 0

<latexit sha1_base64="2S0te2A/xV0SFDNLrwWsC0TJfNY=">AAAB93icbVDLSsNAFJ3UV62vqBvBzWARXJVEfG2EohvBTQX7gKaUyWTSDp3MhJkboYSKf+JGxI2Cf+Ev+DcmbTdtPXDhcM6Be+/xY8ENOM6vVVhaXlldK66XNja3tnfs3b2GUYmmrE6VULrlE8MEl6wOHARrxZqRyBes6Q9uc7/5xLThSj7CMGadiPQkDzklkEld+wB7kviCeDRQkHp+iG9G+Bo7pa5ddirOGHiRuFNSRlPUuvaPFyiaREwCFcSYtuvE0EmJBk4FG5W8xLCY0AHpsXR89wgfZ1KAQ6WzkYDH6kyORMYMIz9LRgT6Zt7Lxf+8dgLhVSflMk6ASTpZFCYCg8J5CTjgmlEQw4wQqnl2IaZ9ogmFrKr8dXf+0UXSOK24F5Xzh7Ny9f5lUkIRHaIjdIJcdImq6A7VUB1R9Ize0Cf6sobWq/VufUyiBWta3D6agfX9B+QikY4=</latexit>

r ·B = 0

B

Ampère’s Law + displacement current:
B

I

<latexit sha1_base64="FP2oIK3IGCHTEEow14fzD6dArbQ="></latexit>

r⇥B = µo

✓
J+ ✏o

@E

@t

◆
<latexit sha1_base64="hZEVlX+QeVDA79NDIam090RbXaE="></latexit>I

c
B · dl = µo(I + ✏o

d�E

dt
)

Maxwell in a vacuum:
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Faraday

J = �E

Coulomb (Gauss)

Ampère

Gauss

(These are called the “pre-Maxwell equations”)

Ohm

All we really need is Faraday, Ampère, Gauss, and Ohm’s Law:

<latexit sha1_base64="w4lCz4GeoHpEr3nfarY0+Iczv1Y=">AAACDHicbVDLSgMxAMz6rPW16tFLsAheLLvi6yIURBC8VLAPaErJptk2NJssSVYoy4Jf4MVf8SLiRUH8Bf/GbNtLWwcCw8yEZCaIOdPG836dhcWl5ZXVwlpxfWNza9vd2a1rmShCa0RyqZoB1pQzQWuGGU6bsaI4CjhtBIPr3G88UqWZFA9mGNN2hHuChYxgY6WOe4wEDjhGpCtNioIQ3mTwCqZI9SVE0t6EiMaacZuVWbHjlryyNwKcJ/6ElMAE1Y77g7qSJBEVhnCsdcv3YtNOsTKMcJoVUaJpjMkA92g6KpPBQyt1YSiVPcLAkTqVw5HWwyiwyQibvp71cvE/r5WY8LKdMhEnhgoyfihMODQS5svALlOUGD60BBPF7A8h6WOFibH75dX92aLzpH5S9s/LZ/enpcrd03iEAtgHB+AI+OACVMAtqIIaIOAFvIFP8OU8O6/Ou/Mxji44k+H2wBSc7z/6KJss</latexit>

r ·E =
⇢

✏o

<latexit sha1_base64="mLWY6358izXOffJP8HR0FwkI7GA=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwY5kRXwuFogiCmwr2AZ1SMmmmDc0kQ5IRyjDgj7jxV9wUcaPgwr8x0xahrQcCh3Mu9+YcP2JUacf5sXILi0vLK/nVwtr6xuaWvb1TUyKWmFSxYEI2fKQIo5xUNdWMNCJJUOgzUvf7N5lffyJSUcEf9SAirRB1OQ0oRtpIbfvS48hnCHqahkTBxPMDeJvCK3iUeBGSmiI2Fq9T6AmzCf7JOm3bRafkjADniTshRTBBpW0PvY7AcUi4xgwp1XSdSLeSbCFmJC14sSIRwn3UJckoWwoPjNSBgZDmcQ1H6tQcCpUahL6ZDJHuqVkvE//zmrEOLloJ5VGsCcfjQ0FsYgmYFQU7VBKs2cAQhCU1P4S4hyTC2tRZMNHd2aDzpHZccs9Kpw8nxfL987iEPNgD++AQuOAclMEdqIAqwOAVDMEn+LJerDfr3foYj+asSXG7YArW9y9QbKCY</latexit>

r⇥E = �@B

@t

<latexit sha1_base64="2S0te2A/xV0SFDNLrwWsC0TJfNY=">AAAB93icbVDLSsNAFJ3UV62vqBvBzWARXJVEfG2EohvBTQX7gKaUyWTSDp3MhJkboYSKf+JGxI2Cf+Ev+DcmbTdtPXDhcM6Be+/xY8ENOM6vVVhaXlldK66XNja3tnfs3b2GUYmmrE6VULrlE8MEl6wOHARrxZqRyBes6Q9uc7/5xLThSj7CMGadiPQkDzklkEld+wB7kviCeDRQkHp+iG9G+Bo7pa5ddirOGHiRuFNSRlPUuvaPFyiaREwCFcSYtuvE0EmJBk4FG5W8xLCY0AHpsXR89wgfZ1KAQ6WzkYDH6kyORMYMIz9LRgT6Zt7Lxf+8dgLhVSflMk6ASTpZFCYCg8J5CTjgmlEQw4wQqnl2IaZ9ogmFrKr8dXf+0UXSOK24F5Xzh7Ny9f5lUkIRHaIjdIJcdImq6A7VUB1R9Ize0Cf6sobWq/VufUyiBWta3D6agfX9B+QikY4=</latexit>

r ·B = 0

<latexit sha1_base64="BUBwk7jqp+bbAULo/gBPEo7JUMI=">AAACBnicbVDLSsNAANzUV62vqEcvi0X0VBLxdRGKXkQvFewDmlI22027dB9hdyOUEPDoxV/xIuJFwaO/4N+YNL20dWBhdmZgd8YPGdXGcX6twsLi0vJKcbW0tr6xuWVv7zS0jBQmdSyZVC0facKoIHVDDSOtUBHEfUaa/vA685uPRGkqxYMZhaTDUV/QgGJkUqlrH3oC+QxBz1BONIw9P4BXCbyEHo+6Mr/fJrDUtctOxRkDzhN3QspgglrX/vF6EkecCIMZ0rrtOqHpxEgZihlJSl6kSYjwEPVJPK6RwINU6sFAqvQIA8fqVA5xrUfcT5McmYGe9TLxP68dmeCiE1MRRoYInD8URAwaCbNNYI8qgg0bpQRhRdMfQjxACmGTLpdVd2eLzpPGccU9q5zen5Srd0/5CEWwB/bBEXDBOaiCG1ADdYDBC3gDn+DLerZerXfrI48WrMlwu2AK1vcfbHWXXg==</latexit>

r⇥B = µoJ
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r · (r⇥ A) = 0 (I1)

r⇥ (rs) = 0 (I2)

r(st) = srt + trs (I3)

r · (sA) = A ·rs + sr · A (I4)

r⇥ (sA) = sr⇥ A + rs⇥ A (I5)

r(A · B) = (A ·r)B + (B ·r)A + A ⇥r⇥ B + B ⇥r⇥ A (I6)

r · (A ⇥ B) = B ·r⇥ A � A ·r⇥ B (I7)

r⇥ (A ⇥ B) = Ar · B � Br · A + (B ·r)A � (A ·r)B (I8)

r⇥r⇥ A = r(r · A) �r2A (I9)

A⇥B = [AyBz �AzBy , AzBx �AxBz , AxBy �AyBx]

and a few of the nine standard vector identities 

as well as the definition of the cross product:
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“Skin effect” describes the tendency for current to flow in the skin of a conductor.  I (and many others) 
used to think that it was the reason that the high voltage from an RF Tesla coil didn’t kill people, but 
that’s not the case.  The skin depth in people at RF frequencies is 25 cm or more.  

Wikipedia commons

Turns out that RF the nervous system 
is insensitive to RF currents.
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Substitute Ohm’s Law into Ampère’s Law:

J = �E r⇥ B = µoJ

to get

r⇥ B = µo�E

Take the curl of this and use Faraday’s Law (r⇥ E = �@B/@t):

r⇥r⇥ B = µo�r⇥ E ! r⇥r⇥ B = �µo�
@B
@t

Now we need the vector identityr⇥ (r⇥A) = r(r · A)�r2A to get

r(r · B)�r2B = �µo�
@B
@t

But, the no-monopoles law says that r · B = 0, so ...

Let’s derive the skin depth equation:

<latexit sha1_base64="MK4ifJeC02e22HFcvwukA4C7lhI=">AAACIXicbVDLSgMxFM34rPVVdekmWARXZab42gilblxWsA/o1OFOmmlDM5MhyQhl6Ne48VN0I+JGxZ8xbYdCWy8EDuec3OQcP+ZMadv+sVZW19Y3NnNb+e2d3b39wsFhQ4lEElonggvZ8kFRziJa10xz2oolhdDntOkPbsd684lKxUT0oIcx7YTQi1jACGhDeYWqG4HP4bGMU9cPcHWEb7AbJp5wFeuFYNgYpGbAZ7orzD48o/XIKxTtkj0ZvAycDBRRNjWv8Op2BUlCGmnCQam2Y8e6k44XEk5HeTdRNAYygB5NJwlH+NRQXRwIaU6k8YSd80Go1DD0jTME3VeL2pj8T2snOrjupCyKE00jMn0oSEwsgcd14S6TlGg+NACIZOaHmPRBAtGm1LyJ7iwGXQaNcsm5LF3cnxcr1ayEHDpGJ+gMOegKVdAdqqE6IugFvaMv9G09W2/Wh/U5ta5Y2Z0jNDfW7x8HnqKm</latexit>

r2B = µo�
@B

@t
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r2B = µo�
@B
@t

Similarly, we can take the curl of Faraday’s Law and substitute Ampère’s

and Ohm’s Laws to get

r⇥r⇥ E = � @

@t
(r⇥ B) ! r⇥r⇥ E = �µo�

@E
@t

To pull the same vector identity trick we need to user · (r⇥A) = 0 on

Ampère’s Law (r⇥ B = µoJ) to get

r · J = 0 which for constant �o gives r · E = 0

so

r2E = µo�o
@E
@t

These equations in B and E are diffusion equations.

<latexit sha1_base64="mLWY6358izXOffJP8HR0FwkI7GA=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwY5kRXwuFogiCmwr2AZ1SMmmmDc0kQ5IRyjDgj7jxV9wUcaPgwr8x0xahrQcCh3Mu9+YcP2JUacf5sXILi0vLK/nVwtr6xuaWvb1TUyKWmFSxYEI2fKQIo5xUNdWMNCJJUOgzUvf7N5lffyJSUcEf9SAirRB1OQ0oRtpIbfvS48hnCHqahkTBxPMDeJvCK3iUeBGSmiI2Fq9T6AmzCf7JOm3bRafkjADniTshRTBBpW0PvY7AcUi4xgwp1XSdSLeSbCFmJC14sSIRwn3UJckoWwoPjNSBgZDmcQ1H6tQcCpUahL6ZDJHuqVkvE//zmrEOLloJ5VGsCcfjQ0FsYgmYFQU7VBKs2cAQhCU1P4S4hyTC2tRZMNHd2aDzpHZccs9Kpw8nxfL987iEPNgD++AQuOAclMEdqIAqwOAVDMEn+LJerDfr3foYj+asSXG7YArW9y9QbKCY</latexit>

r⇥E = �@B

@t

<latexit sha1_base64="BUBwk7jqp+bbAULo/gBPEo7JUMI=">AAACBnicbVDLSsNAANzUV62vqEcvi0X0VBLxdRGKXkQvFewDmlI22027dB9hdyOUEPDoxV/xIuJFwaO/4N+YNL20dWBhdmZgd8YPGdXGcX6twsLi0vJKcbW0tr6xuWVv7zS0jBQmdSyZVC0facKoIHVDDSOtUBHEfUaa/vA685uPRGkqxYMZhaTDUV/QgGJkUqlrH3oC+QxBz1BONIw9P4BXCbyEHo+6Mr/fJrDUtctOxRkDzhN3QspgglrX/vF6EkecCIMZ0rrtOqHpxEgZihlJSl6kSYjwEPVJPK6RwINU6sFAqvQIA8fqVA5xrUfcT5McmYGe9TLxP68dmeCiE1MRRoYInD8URAwaCbNNYI8qgg0bpQRhRdMfQjxACmGTLpdVd2eLzpPGccU9q5zen5Srd0/5CEWwB/bBEXDBOaiCG1ADdYDBC3gDn+DLerZerXfrI48WrMlwu2AK1vcfbHWXXg==</latexit>

r⇥B = µoJ
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r2B = µo�
@B
@t

Similarly, we can take the curl of Faraday’s Law and substitute Ampère’s

and Ohm’s Laws to get

r⇥r⇥ E = � @

@t
(r⇥ B) ! r⇥r⇥ E = �µo�

@E
@t

To pull the same vector identity trick we need to user · (r⇥A) = 0 on

Ampère’s Law (r⇥ B = µoJ) to get

r · J = 0 which for constant �o gives r · E = 0

so

r2E = µo�o
@E
@t

These equations in B and E are diffusion equations.

up until this 
point everything 

was general 
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r2B = µo�
@B
@t

Similarly, we can take the curl of Faraday’s Law and substitute Ampère’s

and Ohm’s Laws to get

r⇥r⇥ E = � @

@t
(r⇥ B) ! r⇥r⇥ E = �µo�

@E
@t

To pull the same vector identity trick we need to user · (r⇥A) = 0 on

Ampère’s Law (r⇥ B = µoJ) to get

r · J = 0 which for constant �o gives r · E = 0

so

r2E = µo�o
@E
@t

These equations in B and E are diffusion equations.

up until this 
point everything 

was general 

air, � = 0

earth, � = �o

now we need the idea of a half-space
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These equations in E and B are Diffusion Equations :

time

depth

We can define a diffusivity 

Amplitude decays as t-1 and depth as t1/2.  Not as bad as heat flow: We can choose time dependence 
through frequency to alter  the decay rate through skin depth.

@B

@t
= ⌘r2B⌘ = 1/(µo�o)

<latexit sha1_base64="MK4ifJeC02e22HFcvwukA4C7lhI=">AAACIXicbVDLSgMxFM34rPVVdekmWARXZab42gilblxWsA/o1OFOmmlDM5MhyQhl6Ne48VN0I+JGxZ8xbYdCWy8EDuec3OQcP+ZMadv+sVZW19Y3NnNb+e2d3b39wsFhQ4lEElonggvZ8kFRziJa10xz2oolhdDntOkPbsd684lKxUT0oIcx7YTQi1jACGhDeYWqG4HP4bGMU9cPcHWEb7AbJp5wFeuFYNgYpGbAZ7orzD48o/XIKxTtkj0ZvAycDBRRNjWv8Op2BUlCGmnCQam2Y8e6k44XEk5HeTdRNAYygB5NJwlH+NRQXRwIaU6k8YSd80Go1DD0jTME3VeL2pj8T2snOrjupCyKE00jMn0oSEwsgcd14S6TlGg+NACIZOaHmPRBAtGm1LyJ7iwGXQaNcsm5LF3cnxcr1ayEHDpGJ+gMOegKVdAdqqE6IugFvaMv9G09W2/Wh/U5ta5Y2Z0jNDfW7x8HnqKm</latexit>

r2B = µo�
@B

@t
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r2E = µo�
@E

@t

so that 
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Now it is time to consider a single frequency !, so

B(t) = Bei!t and
@B
@t

= i!B

and the same for E, so our diffusion equations become

r2E = i!µo�oE and r2B = i!µo�oB

For external sources of B, at Earth’s surface B is purely horizontal and uniform. Then

B = Boe
iwt

and our diffusion equation is
d2B

dz2
= k2B(z)

where z is depth and we have defined a complex wavenumber k2
= i!µo�o.

d2B
dz2 = k2B(z) is a second order linear ODE with solutions of the form

B(z) = c1e
kz

+ c2e
�kz

The first term grows with depth so c1 = 0, and for z = 0 we can infer that c2 = Boei!t.

rei✓ = r(cos ✓ + i sin ✓)
r2B = µo�o

@B

@t

air, � = 0

earth, � = �o

B

r2B =
@2Bx

@x2
+

@2By

@y2
+

@2Bz

@z2
d2B

dz2
= i!µo�oB(z)

<latexit sha1_base64="O93nGCgxyGnLY6Ce1YksjhBrxts=">AAACIXicdVDLSgMxFM34rPVVdekmWARXZab42gilIrisYB/QqcOdNNOGZiZDkhFK6de48VN0I+JGxZ8x09ZifVwIHM45uck5fsyZ0rb9bs3NLywuLWdWsqtr6xubua3tmhKJJLRKBBey4YOinEW0qpnmtBFLCqHPad3vnad6/ZZKxUR0rfsxbYXQiVjACGhDebmyG4HP4aaIB64f4IshPsNumHjCVawTgmFjkJoBn+quMPvwlNZDL5d3CvZosP0LfEl5NJmKl3tw24IkIY004aBU07Fj3RqkCwmnw6ybKBoD6UGHDkYJh3jfUG0cCGlOpPGInfFBqFQ/9I0zBN1VP7WU/EtrJjo4bQ1YFCeaRmT8UJCYWAKndeE2k5Ro3jcAiGTmh5h0QQLRptTs9+j/g1qx4BwXjq4O86XypIQM2kV76AA56ASV0CWqoCoi6B49oVf0Zt1Zj9az9TK2zlmTOztoZqyPTxLCoq0=</latexit>

r2E = µo�
@E

@t
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rei✓ = r(cos ✓ + i sin ✓)
r2B = µo�o

@B

@t

r2B =
@2Bx

@x2
+
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+
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r2E = µo�
@E

@t

We define a complex wavenumber
d2B

dz2
= k2B(z) .sok2 = i!µo�o
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Now it is time to consider a single frequency !, so

B(t) = Bei!t and
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dz2 = k2B(z) is a second order linear ODE with solutions of the form

B(z) = c1e
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+ c2e
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The first term grows with depth so c1 = 0, and for z = 0 we can infer that c2 = Boei!t.
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+
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+
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r2E = µo�
@E

@t

We define a complex wavenumber
d2B

dz2
= k2B(z) .sok2 = i!µo�o

<latexit sha1_base64="Wxgxg87EU/PIV808H26d81I+Op0=">AAAB/XicbVDLSgMxFL1TX7W+Rl0KEqxCRSwzBR8boagLlxXsA9paMmmmDc08SDJCOxQ3/oobETcK/oK/4N+YTrtp64HAuefcS+49TsiZVJb1a6QWFpeWV9KrmbX1jc0tc3unIoNIEFomAQ9EzcGScubTsmKK01ooKPYcTqtO72bkV5+okCzwH1Q/pE0Pd3zmMoKVllrm/nVucIyuEGnZiD7GvcEQneiioPmpLlpm1spbCdA8sSckWzx0E5Ra5k+jHZDIo74iHEtZt61QNWMsFCOcDjONSNIQkx7u0DjZfoiOtNRGbiD08xVK1Kk+7EnZ9xzd6WHVlbPeSPzPq0fKvWzGzA8jRX0y/siNOFIBGkWB2kxQonhfE0wE0xsi0sUCE6UDy+jT7dlD50mlkLfP82f3OoNbGCMNe3AAObDhAopwByUoA4EXeINP+DKejVfj3fgYt6aMycwuTMH4/gPYKJW7</latexit>

B(z) = c1e
kz + c2e

�kzThis is a second order linear ODE with solutions of the form 

The first term grows with depth so  and setting  we can infer that   .c1 = 0 z = 0 c2 = Boeiωt
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1

|B|

B/Bo

z/zo

Re (B)
Im (B)

This gives
B(z) = Boe

i!te�kz

Recalling that k2 = i!µo�o we can write k as

k =
p

i!µo�o = (1 + i)
r

!µo�o
2

=
1 + i

zo
where zo =

s
2

!µo�o

to get
B(z) = Boe

i!te�z(1+i)/zo

So B(z) falls off exponentially with zo, which is the skin depth.

zo ⇡ 500
p
⇢T m where ⇢ = 1/� and T is period in seconds.

Phase just decays linearly with on radian shift every skin depth.
Some typical numbers:

real

imag

i
sqrt(i)

<latexit sha1_base64="Ia+vdMtBkPtmWW2zZ2WrS/YFP5g=">AAAB/nicbVBLSwMxGMzWV62vVY8eDJZCPVh2BR8XoVQEjxXsA9pasmnahs1uliQrtMuiCP4PvXgR8aLgT/Dm2X9j+ri0dSAwmZmQ7xsnYFQqy/o1EnPzC4tLyeXUyura+oa5uVWWPBSYlDBnXFQdJAmjPikpqhipBoIgz2Gk4rjnA79yS4Sk3L9WvYA0PNTxaZtipLTUNHcL2f4+PIOFJofkJqJ17pEOgirWlwO3HzfNtJWzhoCzxB6TdD7jPtw9P/0Um+Z3vcVx6BFfYYakrNlWoBoREopiRuJUPZQkQNhFHRINx49hRkst2OZCH1/BoTqRQ56UPc/RSQ+prpz2BuJ/Xi1U7dNGRP0gVMTHo4/aIYOKw0EXsEUFwYr1NEFYUD0hxF0kEFa6sZRe3Z5edJaUD3P2ce7oSndwAUZIgh2wB7LABicgDy5BEZQABo/gFXyAT+PeeDHejPdRNGGM32yDCRhff07SmBo=</latexit>

B(z) = Boe
i!te�kzThis all gives 
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To a good approximation skin depth is given by

where T is period in seconds.  Some typical skin depths:

zs ⇡ 500
p

⇢T meters

Period
material �, S/m 1 year 1 month 1 day 1 hour 1 min 1 s 1 ms
outer core 105 8.9 km 2.6 km 470 m 95 m 12 m 1.6 m 50 mm
lower mantle 10 890 km 260 km 47 km 9.5 km 1.2 km 160 m 5 m
seawater, basaltic lava 3 1.6 Mm 470 km 85 km 17 km 2.3 km 290 m 9 m
marine sediments 1 2.8 Mm 820 km 150 km 30 km 3.9 km 500 m 16 m
cont. sediments 0.1 8.9 Mm 2.6 Mm 470 km 95 km 12 km 1.6 km 50 m
warm upper mantle 10�3 89 Mm 26 Mm 4.7 Mm 950 km 120 km 16 km 500 m
cool mantle, granite 10�5 890 Mm 260 Mm 47 Mm 9.5 Mm 1.2 Mm 160 km 5 km

Skin depth is not a measure of resolution, but is a guide to the maximum distance that EM energy 
can propagate.

skin depth =

r
2⇢

!µo
=

r
2⇢

2⇡fµo
⇡ 500

p
⇢T metres.
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primary magnetic 
field

What is physically going on?

A primary magnetic field varies in time (or moves in space)
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primary magnetic 
field

electric field 

�

C
E · dl = �d�

dt

Faraday’s Law

A time varying magnetic field 
will generate an electric field.
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primary magnetic 
field

electric field 
and current

primary magnetic 
field

electric field 

�

C
E · dl = �d�

dt J = �E

Ohm’s LawFaraday’s Law

In a conductor this drives an 
electric current.

A time varying magnetic field 
will generate an electric field.
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primary magnetic 
field

electric field 
and current

secondary

m
agnetic

field
primary magnetic 

field
electric field 
and current

primary magnetic 
field

electric field 

�

C
E · dl = �d�

dt J = �E

�

C
B · dl = µI

Ampere’s LawOhm’s LawFaraday’s Law

In a conductor this drives an 
electric current.

Which generates another 
magnetic field.

A time varying magnetic field 
will generate an electric field.

Because of the negative sign in Faraday’s Law, these secondary magnetic fields act to oppose the 
primary field, weakening it



22

The Magnetotelluric Method:  

We just showed that
<latexit sha1_base64="aQy83FSINBuAsJ3EJ/7Cy3A6Kzc=">AAACB3icbVDLSgMxFM3UV62vUZdugkWYItYZ8bURSnXhsoJ9QFuHTJq2oZnJkGSEdpgPcOOvuBFxo+DOX/BvTNvZ1HogcHLOvSTneCGjUtn2j5FZWFxaXsmu5tbWNza3zO2dmuSRwKSKOeOi4SFJGA1IVVHFSCMUBPkeI3VvcD32649ESMqDezUMSdtHvYB2KUZKS65pla1RAV7BsssheYhpi/ukh6BK9OVoZDmHtHA8cnkCXTNvF+0J4DxxUpIHKSqu+d3qcBz5JFCYISmbjh2qdoyEopiRJNeKJAkRHqAeiSc5EnigpQ7scqFPoOBEnZlDvpRD39OTPlJ9+dcbi/95zUh1L9sxDcJIkQBPH+pGDCoOx6XADhUEKzbUBGFB9Q8h7iOBsNLV5XR052/QeVI7KTrnxbO703zpJi0hC/bAPrCAAy5ACdyCCqgCDJ7BK/gAn8aT8WK8Ge/T0YyR7uyCGRhfv0tYltg=</latexit>

B(z) = Boe
i!te�z(1+i)/zo

<latexit sha1_base64="4JKuhMN4CZuoZVL1R3e5lVU8TW4=">AAACDnicbVBLSwMxGMzWV62vVY9ePiyCp7orvi5C8QEeK9gHdEvJptk2NNksSVYoy/4HL/4VLyJeFPoX/Ddu2720OhAYZiYkM37EmTaO82MVlpZXVteK66WNza3tHXt3r6FlrAitE8mlavlYU85CWjfMcNqKFMXC57TpD28nfvOZKs1k+GRGEe0I3A9ZwAg2mdS1T8ALsc8xeIYJqiHx/ABuUrgGT8RdCeBp1hd4pt+n0LXLTsWZAv4SNydllKPWtcdeT5JY0NAQjrVuu05kOglWhhFO05IXaxphMsR9mkzrpHCUST0IpMpOaGCqzuWw0Hok/CwpsBnoRW8i/ue1YxNcdRIWRrGhIZk9FMQcjITJNtBjihLDRxnBRLHsh0AGWGFisgVLWXV3sehf0jituBeV88ezcvUuH6GIDtAhOkYuukRV9IBqqI4IekXv6At9Wy/Wm/Vhfc6iBSu/s4/mYI1/AeUdmeU=</latexit>

r⇥B = µo�E

<latexit sha1_base64="Sw1gkbRtouc37iOnnaiS05oKNAk="></latexit>

r⇥B =

✓
@Bz

@y
� @By

@z
,
@Bx

@z
� @Bz

@x
,
@By

@x
� @Bx

@y

◆

<latexit sha1_base64="GN9Zg2BEXCMo64XkXaq1uu1zEPg="></latexit>

Ey =
1

µo�o

dBx

dz
= � 1 + i

µo�ozo
Bx = � k

µo�o
Bx

<latexit sha1_base64="y/VmSz1uGvDUhTM6dv25OmpD2ew="></latexit>

Ex =
1

µo�o

�dBy

dz
=

1 + i

µo�ozo
By =

k

µo�o
By

and recall 

But if B is in the x direction the only non-zero component of the curl is  in the y-component:∂Bx /∂z

so

and similarly 

This is valid for any depth z, but we are only interested in the surface where z = 0 and Bx = Boeiωt

no Bz or By

Bx uniform across surface
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Ey = � k

µo�o
Bx Ex =

k

µo�o
By

These equations tell us that there is an induced electric field that is linearly proportional to the 
external magnetic field.  The constant of proportionality depends on conductivity and frequency.  
Ey is anti-correlated with Bx, and Ex is correlated with By (but both with a 45° phase shift).

k =
p

i!µo�o

We have that 

where
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Ex is correlated with By Ey is anti-correlated with Bx

Ey = � k

µo�o
Bx Ex =

k

µo�o
By k =

p
i!µo�o

We have that 

where
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The MT equation continued...

We can take the ratio of the electric to magnetic field at any particular
frequency to obtain the half-space resistivity:

����
Ey

Bx

����
2

=
✓

k

µo�o

◆2

=
!µo�o

(µo�o)2 =
!

µo�o

⇢ =
µo

!

����
Ey

Bx

����
2

This is the MT equation made famous in Cagniard’s 1953 paper. The
phase between E and B is given by the �(1 + i) term, which is -45�.

This is all still only true for a half-space, but we can call this apparent resistivity regardless of how 
complicated the structure is.

The Magnetotelluric Method continued:  

� = tan�1

✓
E

B

◆
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⇢a =
1

!µo

����
E

H

����
2

� = tan�1

✓
E

H

◆

The two components of E are related to the two components of B through the impedance matrix Z

except that most MT people like to use the magnetizing field H to define impedance.  This slightly 
changes the apparent resistivity formula (of course, the phase remains the same). 

�
Ex

Ey

⇥
=

�
Zxx Zxy

Zyx Zyy

⇥ �
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Note that all terms are complex 
numbers as a function of frequency

c(!) = � Ey

i!Bx
= � E(0)

E0(0)

<latexit sha1_base64="bKCeZX6TojhqjwPpac6BGdvSLUM=">AAACBXicbVDLSgMxAMzWV61aVz3qIViVerDsCj4uSkEFjxXsA7ulZNPsNjS7WZKsUJaevfgrXkS8KHj1F/wDv8GT6baXVgcCw8yEZMaNGJXKsr6MzMzs3PxCdjG3tLySXzXX1muSxwKTKuaMi4aLJGE0JFVFFSONSBAUuIzU3d7F0K/fEyEpD29VPyKtAPkh9ShGSkttc89xqe8zWIRn8AAmd9DhOg6pwwPiowFMbbHfNgtWyUoB/xJ7TArly/zO1vnPd6VtfjodjuOAhAozJGXTtiLVSpBQFDMyyDmxJBHCPeSTJG0xgLta6kCPC31CBVN1IocCKfuBq5MBUl057Q3F/7xmrLzTVkLDKFYkxKOHvJhBxeFwEtihgmDF+pogLKj+IcRdJBBWericrm5PF/1Laocl+7h0dKM3uAIjZMEm2AZFYIMTUAbXoAKqAINH8AzewLvxYDwZL8brKJoxxnc2wASMj19Q5Zlo</latexit>✓
= � Z

i!

◆
For global studies many use Weidelt’s c:
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We can compute a half-space equivalent electrical resistivity 
(apparent resistivity) at each frequency:

We can also compute the phase difference between E and B.  
These become the MT sounding curves.

⇢a(!) =
µo

!

����
E(!)
B(!)

����
2

Here is what the MT fields look like in a uniform conductor.  
The fields decay exponentially with a scale length given by 
the skin depth

The induced electric field is 45° out of phase with the primary 
magnetic field.

zo ⇡ 500 mp
�f
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Conductive LayerHalf-space
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We can add a conductive 
layer  at depth and things 
change at the  surface

E is smaller
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Conductive Layer Resistive LayerHalf-space

Same for a 
resistive layer
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E is bigger


