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Today’s Class

• Laplace’s equation for geomagnetic scalar potential is valid in source free
region - Earth’s atmosphere

• Write a general solution to Laplace’s equation in geocentric spherical coordi-
nates

• Fully-normalized spherical harmonics with complex coe�cients Am
l and Bm

l
allow us to easily do theory to separate internal and external field contributions

• But geomagnetists usually use real partially normalized Schmidt coe�cients
gml and hm

l (internal) and qml , sml (external).

• Specialize to the main core field and discuss upward and downward continu-
ation
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If you feel the need for  some intuition about what the Laplacian is see the
Khan academy tutorials

Note that we use the notation  for the Laplacian operator but others sometimes 
use .

∇2

△

But first - 

https://www.khanacademy.org/math/multivariable-calculus/multivariable-derivatives/laplacian/v/laplacian-intuition
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Next - a coordinate system 

Spherical coordinates (r, θ, φ) as commonly used in physics (ISO 
80000-2:2019 convention): radial distance r (distance to origin), 
polar angle θ (theta) (angle with respect to polar axis), and 
azimuthal angle φ (phi) (angle of rotation from the initial 
meridian plane). The symbol ρ (rho) is often used instead of r.

A globe showing the radial distance, polar angle 
and azimuthal angle of a point P with respect to a 
unit sphere, in the physics convention. In this 
image, r equals 4/6, θ equals 30°, and φ equals 
90°.

 In a spherical coordinate system we specify location in terms of  , where  is radius,  is polar 
angle or geocentric colatitude, and  is longitude. In a  geocentric coordinate system the origin is Earth’s center.

(r, θ, ϕ) r θ
ϕ

https://en.wikipedia.org/wiki/International_Organisation_for_Standardisation
https://en.wikipedia.org/wiki/ISO/IEC_80000
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For a whole lot about the many possible coordinate systems 
that are used in geomagnetic and geospace research see 
this paper by Laundal and Richmond

https://link.springer.com/article/10.1007/s11214-016-0275-y
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P

Coordinate Systems and Di↵erential Operations

Gradient of a scalar field r is a vector that gives the direction and rate of
change of the field. It is orthogonal to lines of constant  , and this is the
direction of maximum rate of change. If we want to know the derivative of  
in some other direction, e.g. Â that would be r · Â.

Gradient in three Coordinate Systems:

Cartesian:

r = x̂
@ 

@x
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Spherical:

r = r̂
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Coordinate Systems and Di↵erential Operations - cont

Divergence of a vector field r ·A is a scalar that represents the 3-dim spatial
derivative of a vector field. If A represents fluid flow r ·A is net outward flow
per unit volume surrounding point (x, y, z).

Divergence in three Coordinate Systems:

Cartesian:

r ·A =
@Ax

@x
+

@Ay

@y
+

@Az

@z
= @iAi

Cylindrical:

r ·A =
1

r

@

@r
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r
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Spherical:

r ·A =
1

r2
@

@r
(r2Ar) +

1

r sin ✓
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Coordinate Systems and Di↵erential Operations - cont

Laplacian of a scalar field r2 = 0 is a second order di↵erential equation.
r2 = r · (r ).

Laplacian in three Coordinate Systems:

Cartesian:

r2 =
@2 
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+
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Cylindrical:
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Spherical:

r2 =
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Application to the geomagnetic field

● Magnetic field representation in terms of scalar potential

Approximation: Earth's atmosphere is an insulator with no electrical currents

∇×B=0

B=−∇φ

Since ∇⋅B=0

∇2 φ=0

See vector identity number I2

since J=0

no monopoles

Recall the static approximation to the geomagnetic field from the end of Lecture 2

Ψ

Ψ

Earth

Atmosphere

Laplace’s Equation



A Bit of Theory of Harmonic Functions - there is a lot!

 is harmonic in , a bounded region of real space if . Then 

•  is infinitely differentiable at all points in  - note we are talking about spatial derivatives. 

• Maximum and minimum values of  always occur on the boundaries of   - not inside. 

• For any spherical surface within  the average value of  over the surface equals its value at the 
center of the sphere. 

• There is a uniqueness theorem for the Neumann Boundary value problem: if you know  
everywhere on the surface of a compact body B, and  falls off like 1/r as r goes to infinity, then this 
knowledge is sufficient to determine  uniquely everywhere outside B.

Ψ(r, θ, ϕ) D ∇2Ψ = 0

Ψ D

Ψ D

D Ψ

∂Ψ/∂n
Ψ

Ψ
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GAUSS' THEORY OF THE MAIN FIELD

● Gauss' Separation of Harmonic Fields into Parts of Internal and External Origin

B=−∇Ψ ∇ 2 Ψ=0

Ψ(r ,θ ,φ)=a∑
l=1

∞

∑
m=−l

l

[Al

m ( r

a )
l

+ Bl

m( a

r )
l+1

]Y l

m (θ ,φ)

External     Internal

a=constant reference radius (e.g. Earth's surface= 6371 km)

● Gauss (in 1832) demonstrated the predominance of the internal part

● The expansion begin at l = 1, excluding the monopoles as a source
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Solution of Laplace’s Equation 
• This can be found by the standard technique of separation of variables and is given in the form of 
an  infinite sum of spherical harmonic functions and radial polynomials.

• What are the spherical harmonics? They are eigenfunctions of the surface Laplacian
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The full Laplacian can be written as the sum of the radial part and the 
surface Laplacian

Note there is also a dimensional form of the surface gradient

rS = r�1r1
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GAUSS' THEORY OF THE MAIN FIELD

● Gauss' Separation of Harmonic Fields into Parts of Internal and External Origin

B=−∇Ψ ∇ 2 Ψ=0

Ψ(r ,θ ,φ)=a∑
l=1

∞

∑
m=−l

l

[Al

m ( r

a )
l

+ Bl

m( a

r )
l+1

]Y l

m (θ ,φ)

External     Internal

a=constant reference radius (e.g. Earth's surface= 6371 km)

● Gauss (in 1832) demonstrated the predominance of the internal part

● The expansion begin at l = 1, excluding the monopoles as a source
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Spherical harmonic functions are defined on the surface of a sphere

Y m
l (✓,�) = Nlmeim�Pm

l (cos✓)

l is called the degree and m is the order of Y m
l .

For fully normalized spherical harmonics the normalization constant is

Nlm = (�1)m
⇥2l + 1

4⇡

⇤ 1
2
⇥ (l �m)!

(l +m)!

⇤

and the Associated Legendre Function is

Pm
l (µ) =

1

2ll!
(1� µ2)

m
2

@l+m

@µl+m
(µ2 � 1)l
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Note eimϕ = cos mϕ + i sin mϕ
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What do the Pm
l s look like?

note that µ = cos ✓ and s = sin ✓
<latexit sha1_base64="aptMASNTkN5cADQWWeyRxp3jwsM="></latexit><latexit sha1_base64="aptMASNTkN5cADQWWeyRxp3jwsM="></latexit><latexit sha1_base64="aptMASNTkN5cADQWWeyRxp3jwsM="></latexit><latexit sha1_base64="aptMASNTkN5cADQWWeyRxp3jwsM="></latexit>
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zonal, m=0 tesseral sectoral, l=m 

Example Y m
l s for l=10

<latexit sha1_base64="Aasq2Sbun8WlRqcP8xBjST6RhwA=">AAACA3icbVC7TsMwFHV4lvAKsMFi0SIxVUkXWJAqEBJjkegDtSFyXKe1aseR7SCqqhILv8LCAEKs/AQbf4ObZoCWMx2dc6/uPSdMGFXadb+thcWl5ZXVwpq9vrG5te3s7DaUSCUmdSyYkK0QKcJoTOqaakZaiSSIh4w0w8HFxG/eE6moiG/0MCE+R72YRhQjbaTA2bcvHxBPGIGl24Dd8ZKCkZCQnXlu4BTdspsBzhMvJ0WQoxY4X52uwCknscYMKdX23ET7IyQ1xYyM7U6qSILwAPVI29AYcaL8UZZhDI+M0s1uRyLWMFN/b4wQV2rIQzPJke6rWW8i/ue1Ux2d+iMaJ6kmMZ4eilIGtYCTQmCXSoI1GxqCsKTmV4j7SCKsTW22KcGbjTxPGpWy55a960qxep7XUQAH4BAcAw+cgCq4AjVQBxg8gmfwCt6sJ+vFerc+pqMLVr6zB/7A+vwBGd2V3g==</latexit><latexit sha1_base64="Aasq2Sbun8WlRqcP8xBjST6RhwA=">AAACA3icbVC7TsMwFHV4lvAKsMFi0SIxVUkXWJAqEBJjkegDtSFyXKe1aseR7SCqqhILv8LCAEKs/AQbf4ObZoCWMx2dc6/uPSdMGFXadb+thcWl5ZXVwpq9vrG5te3s7DaUSCUmdSyYkK0QKcJoTOqaakZaiSSIh4w0w8HFxG/eE6moiG/0MCE+R72YRhQjbaTA2bcvHxBPGIGl24Dd8ZKCkZCQnXlu4BTdspsBzhMvJ0WQoxY4X52uwCknscYMKdX23ET7IyQ1xYyM7U6qSILwAPVI29AYcaL8UZZhDI+M0s1uRyLWMFN/b4wQV2rIQzPJke6rWW8i/ue1Ux2d+iMaJ6kmMZ4eilIGtYCTQmCXSoI1GxqCsKTmV4j7SCKsTW22KcGbjTxPGpWy55a960qxep7XUQAH4BAcAw+cgCq4AjVQBxg8gmfwCt6sJ+vFerc+pqMLVr6zB/7A+vwBGd2V3g==</latexit><latexit sha1_base64="Aasq2Sbun8WlRqcP8xBjST6RhwA=">AAACA3icbVC7TsMwFHV4lvAKsMFi0SIxVUkXWJAqEBJjkegDtSFyXKe1aseR7SCqqhILv8LCAEKs/AQbf4ObZoCWMx2dc6/uPSdMGFXadb+thcWl5ZXVwpq9vrG5te3s7DaUSCUmdSyYkK0QKcJoTOqaakZaiSSIh4w0w8HFxG/eE6moiG/0MCE+R72YRhQjbaTA2bcvHxBPGIGl24Dd8ZKCkZCQnXlu4BTdspsBzhMvJ0WQoxY4X52uwCknscYMKdX23ET7IyQ1xYyM7U6qSILwAPVI29AYcaL8UZZhDI+M0s1uRyLWMFN/b4wQV2rIQzPJke6rWW8i/ue1Ux2d+iMaJ6kmMZ4eilIGtYCTQmCXSoI1GxqCsKTmV4j7SCKsTW22KcGbjTxPGpWy55a960qxep7XUQAH4BAcAw+cgCq4AjVQBxg8gmfwCt6sJ+vFerc+pqMLVr6zB/7A+vwBGd2V3g==</latexit><latexit sha1_base64="Aasq2Sbun8WlRqcP8xBjST6RhwA=">AAACA3icbVC7TsMwFHV4lvAKsMFi0SIxVUkXWJAqEBJjkegDtSFyXKe1aseR7SCqqhILv8LCAEKs/AQbf4ObZoCWMx2dc6/uPSdMGFXadb+thcWl5ZXVwpq9vrG5te3s7DaUSCUmdSyYkK0QKcJoTOqaakZaiSSIh4w0w8HFxG/eE6moiG/0MCE+R72YRhQjbaTA2bcvHxBPGIGl24Dd8ZKCkZCQnXlu4BTdspsBzhMvJ0WQoxY4X52uwCknscYMKdX23ET7IyQ1xYyM7U6qSILwAPVI29AYcaL8UZZhDI+M0s1uRyLWMFN/b4wQV2rIQzPJke6rWW8i/ue1Ux2d+iMaJ6kmMZ4eilIGtYCTQmCXSoI1GxqCsKTmV4j7SCKsTW22KcGbjTxPGpWy55a960qxep7XUQAH4BAcAw+cgCq4AjVQBxg8gmfwCt6sJ+vFerc+pqMLVr6zB/7A+vwBGd2V3g==</latexit>
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A Table of Spherical Harmonic Lore

Property Formula Comments

1. Laplacian in polar

coordinates
∇2 =

1

r2
∇2

1 +
1

r

∂2r

∂r2

∇2
1 is angular part of

familiar Laplacian

2. Eigenvalue ∇2
1 Y m

l = − l(l + 1) Y m
l ,

l = 0, 1, 2, . . .
There are 2l + 1 linearly

independent eigenfunc-

tions per l

3. Orthogonality ∫ d2ŝ Y m
l (ŝ) Y k

n(ŝ)∗ = 0,

unless l = n and

m = k

True for every normaliza-

tion

4. ∫ d2ŝ |Y m
l (ŝ)|2 = 1Theoretician’s nor-

malization

Other choices: 4π or

4π / (2l + 1)

5. Completeness
f (ŝ) =

∞

l=0
Σ

l

m=−l
Σ clmY m

l (ŝ)
Works for any reasonable

function f on S(1)

6. Expansion coeffi-

cients
clm = ∫ d2ŝ f (ŝ) Y m

l (ŝ)∗ Requires property 4

7. Addition Theorem 2l + 1

4π
Pl(ŝ ⋅ r̂) =

l

m=−l
Σ Y m

l (ŝ) Y m
l (r̂)∗

Requires property 4

8. Wavelength of Y m
l

2π

l + ½
Depends only on degree l,

not on order m or ŝ

9. Appearance Re Y m
l vanishes on 2m

meridians and l −m

parallels

Im Y m
l the same but

rotated about ẑ

10. Parseval’s Theorem ∫ d2ŝ | f (ŝ)|2 =

∞

l=0
Σ

l

m=−l
Σ |clm|2

Requires property 4. Get

RMS value of f by divid-

ing by 4π and taking

square root

11. Generating function 1

(1 − 2µr + r2)½
=

∞

l=0
Σ rl Pl(µ)

Often used in conjunction

with property 7

12. Another orthogonal-

ity ∫ d2ŝ ∇1Y m
l (ŝ) ⋅ ∇1Y k

n(ŝ)∗ =

l(l + 1) δ ln δmk

Very useful but often

omitted! Requires prop-

erty 4.
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Internal/External 
separation uses 3,4,6,12

Fully normalized spherical harmonics (property 
4) are most convenient for theory - but most  
geomagnetists use Schmidt normalization. 
This changes  in slide 15 and uses a real  
representation for longitudinal variation.

Nm
l



  

GAUSS' THEORY OF THE MAIN FIELD

Separating internal and external fields

Ψ=a∑
l=1

∞

∑
m=−l

l

[( ar )
l+1

(g l
m

cos (mφ)+hl
m

sin(mφ))Pl
m(θ)+( ra )

l

(ql
m

cos (m φ)+sl
m

sin (m φ))Pl
m (θ)]

Internal sources                                   External sources

● Note we have 2 spherical harmonic expansions in the general solution to Laplace's 
equation in spherical geometry.

● Fields associated with internal and external sources have different radial 
dependence.

● This allows internal (e.g. core) and external (e.g. magnetospheric) sources to be
efficiently separated, provided observations at different altitudes are available.

● Except during geomagnetic storms the internal field consists of around 97%
of the total field observed at Earth's surface.

m = 0

19

Schmidt Normalization



  

Sources of Earth's magnetic field

(credit: ESA)

Figure 1.4 notes: Earth's magnetic field sources

20



  

GAUSS' THEORY OF THE MAIN FIELD

● Gauss' Separation of Harmonic Fields into Parts of Internal and External Origin

B=−∇Ψ ∇ 2 Ψ=0

Ψ(r ,θ ,φ)=a∑
l=1

∞

∑
m=−l

l

[Al

m ( r

a )
l

+ Bl

m( a

r )
l+1

]Y l

m (θ ,φ)

External     Internal

a=constant reference radius (e.g. Earth's surface= 6371 km)

● Gauss (in 1832) demonstrated the predominance of the internal part

● The expansion begin at l = 1, excluding the monopoles as a source

21

Fully Normalized



  

Gauss' Separation of Harmonic Fields into Parts of 

Internal and External Origin

B
r

B
s

B= r̂ Br+Bs ∇= r̂ ∂r+
1

r
∇1

Br=−∂r Ψ |r=a=−∑
l ,m

[lAl

m−(l +1) Bl

m ]Y l

m(θ ,φ)

B s=−
1

r
∇1 Ψ=−∑

l , m

[ Al

m+Bl

m ] ∇1 Y l

m

● Assumption: B is known everywhere on the surface of the sphere r = a:

lAl

m−(l +1)Bl

m=−∫ Br(Y l

m)*
d

2
r̂

Al '

m '+ Bl '

m'=−
∫ B s⋅(∇1 Y l '

m' )*
d

2
r̂

(l ' (l ' +1))

● We can always recover the internal and external coefficients separately from our 
knowledge of B on r = a, combining the following two equations:

22

How did Gauss separate internal and external parts of the field? 
First recall that we measure  not .B Ψ



  

Gauss' Separation of Harmonic Fields into Parts of 

Internal and External Origin

B
r

B
s

B= r̂ Br+Bs ∇= r̂ ∂r+
1

r
∇1

Br=−∂r Ψ |r=a=−∑
l ,m

[lAl

m−(l +1) Bl

m ]Y l

m(θ ,φ)

B s=−
1

r
∇1 Ψ=−∑

l , m

[ Al

m+Bl

m ] ∇1 Y l

m

● Assumption: B is known everywhere on the surface of the sphere r = a:

lAl

m−(l +1)Bl

m=−∫ Br(Y l

m)*
d

2
r̂

Al '

m '+ Bl '

m'=−
∫ B s⋅(∇1 Y l '

m' )*
d

2
r̂

(l ' (l ' +1))

● We can always recover the internal and external coefficients separately from our 
knowledge of B on r = a, combining the following two equations:

23

How did Gauss separate internal and external parts of the field? 
First recall that we measure  not .B Ψ
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We use properties 3, 4, 6, and 12 from the table of  SH lore.

We want to find the  and  for all l and mAm
l Bm

l
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A Table of Spherical Harmonic Lore

Property Formula Comments

1. Laplacian in polar

coordinates
∇2 =

1

r2
∇2

1 +
1

r

∂2r

∂r2

∇2
1 is angular part of

familiar Laplacian

2. Eigenvalue ∇2
1 Y m

l = − l(l + 1) Y m
l ,

l = 0, 1, 2, . . .
There are 2l + 1 linearly

independent eigenfunc-

tions per l

3. Orthogonality ∫ d2ŝ Y m
l (ŝ) Y k

n(ŝ)∗ = 0,

unless l = n and

m = k

True for every normaliza-

tion

4. ∫ d2ŝ |Y m
l (ŝ)|2 = 1Theoretician’s nor-

malization

Other choices: 4π or

4π / (2l + 1)

5. Completeness
f (ŝ) =

∞

l=0
Σ

l

m=−l
Σ clmY m

l (ŝ)
Works for any reasonable

function f on S(1)

6. Expansion coeffi-

cients
clm = ∫ d2ŝ f (ŝ) Y m

l (ŝ)∗ Requires property 4

7. Addition Theorem 2l + 1

4π
Pl(ŝ ⋅ r̂) =

l

m=−l
Σ Y m

l (ŝ) Y m
l (r̂)∗

Requires property 4

8. Wavelength of Y m
l

2π

l + ½
Depends only on degree l,

not on order m or ŝ

9. Appearance Re Y m
l vanishes on 2m

meridians and l −m

parallels

Im Y m
l the same but

rotated about ẑ

10. Parseval’s Theorem ∫ d2ŝ | f (ŝ)|2 =

∞

l=0
Σ

l

m=−l
Σ |clm|2

Requires property 4. Get

RMS value of f by divid-

ing by 4π and taking

square root

11. Generating function 1

(1 − 2µr + r2)½
=

∞

l=0
Σ rl Pl(µ)

Often used in conjunction

with property 7

12. Another orthogonal-

ity ∫ d2ŝ ∇1Y m
l (ŝ) ⋅ ∇1Y k

n(ŝ)∗ =

l(l + 1) δ ln δmk

Very useful but often

omitted! Requires prop-

erty 4.
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Internal/External 
separation uses 3,4,6,12
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By using properties 3, 4, 6, and12 from the table of lore



  

Gauss' Separation of Harmonic Fields into Parts of 

Internal and External Origin

B
r

B
s

B= r̂ Br+Bs ∇= r̂ ∂r+
1

r
∇1

Br=−∂r Ψ |r=a=−∑
l ,m

[lAl

m−(l +1) Bl

m ]Y l

m(θ ,φ)

B s=−
1

r
∇1 Ψ=−∑

l , m

[ Al

m+Bl

m ] ∇1 Y l

m

● Assumption: B is known everywhere on the surface of the sphere r = a:

lAl

m−(l +1)Bl

m=−∫ Br(Y l

m)*
d

2
r̂

Al '

m '+ Bl '

m'=−
∫ B s⋅(∇1 Y l '

m' )*
d

2
r̂

(l ' (l ' +1))

● We can always recover the internal and external coefficients separately from our 
knowledge of B on r = a, combining the following two equations:
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Summarizing:


