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Where we are in the Syllabus

SIOG 231: Geomagnetism and Electromagnetism

Winter Quarter 2024, 9:30–10:50 am Tues/Thur in Munk 303.

Instructors: Steven Constable and Catherine Constable

sconstable@ucsd.edu; cconstable@ucsd.edu

SIOG 231 Geomagnetism and Electromagnetism will cover the theory of geomagnetism and electromag-

netic induction, instrumentation, forward and inverse modeling of data, properties of Earth materials, and

applications. Earth’s magnetic field shields life, and even the atmosphere itself, from the solar wind, and is

used by organisms from bacteria to birds for navigation (humans too). Observations of Earth’s internal and

external magnetic fields are used to understand how the core geodynamo works, and to image the electrical

conductivity structure of the crust and mantle by means of the magnetotelluric method. The magnetotelluric

method has become an important tool, often used alongside seismic methods, to study a variety of geological

processes, and is used extensively on land and at sea both commercially and academically.

Topics to be covered are listed below. Students will be expected to complete homework assignments

designed to develop hands-on skills in manipulating geomagnetic and electromagnetic data. Grading will

be based on active class participation, homework, and a final project.

1. Introduction, motivation, history of the physics and geophysics, overview of the applications.

2. Vector calculus basics, Maxwell’s equations, constitutive relationships, scalar and vector potentials.

3. Lorentz force, diffusion equations, skin depth.

4. Instruments, observatory networks, satellite observations.

5. Gauss’ theory and the main field.

6. Spherical harmonic representation, internal/external separation, upward and downward continuation.

7. Geomagnetic power spectra, secular variation.

8. Earth’s external geomagnetic and electromagnetic environment.

9. Geomagnetic depth sounding + Fitting data: Least squares, errors, parameter estimation.

10. Main field modeling, regularization.

11. Lithospheric fields, magnetic remanence, Runcorn’s theorem.

12. Core processes and the internal field.

13. Geodynamos, toroidal and poloidal fields, frozen flux approximation.

14. The magnetotelluric method.

15. Electrical conductivity of rocks, minerals, and melts. The crust, mantle, and core.

16. Modeling induction in one dimension.

17. Forward modeling using finite differences and finite elements.

18. Inverse modeling MT and GDS data.

19. TBD

20. TBD



Today’s Class

• Starting to move on from static fields
• Geomagnetic Secular Variation - 2 ways to think about time variations

 parametrized variations  
 statistical variability

• Using the Lowes spectrum to estimate the core radius



Spherical Harmonic Representation

!B(r, θ,φ, t) = −∇Ψ(r, θ,φ, t)

Ψ = a
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l=1

l∑

m=0

(
a

r
)l+1(gm

l (t)cosmφ + hm
l (t)sinmφ)Pm

l (cosθ).

Pm
l are partially normalized Schmidt functions, radius r, θ co-
latitude, φ longitude, t time. gm

l , hm
l are the Gauss coefficients

representing the field model.

Spatial Power Spectrum for a Field Model is Rl(t)
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Spatial Power Spectrum for a Secular Variation Model is Sl(t)
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The Geomagnetic Spectrum

Figs. 3.4.6.1 and 3.4.6.2 notes
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- adding in time variations
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The International Geomagnetic  Reference Field and World Magnetic Models

The IGRF is the International Geomagnetic Reference Field. See
https://www.ngdc.noaa.gov/IAGA/vmod/igrf.html for downloads along with
information about how to use it. It is updated every 5 years by members of
the IAGA working Group V-MOD, and was last revised (to 13th generation) in
2019. It represents the Schmidt normalized geomagnetic internal potential to
SH degree and order L = 13.
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A close relative of the IGRF is the World Magnetic Model
(https://www.ngdc.noaa.gov/geomag/WMM/DoDWMM.shtml), a joint prod-
uct of the United States’ National Geospatial-Intelligence Agency (NGA) and
the United Kingdom’s Defence Geographic Centre (DGC), and is used by the
U.S. Department of Defense, the U.K. Ministry of Defence, the North Atlantic
Treaty Organization (NATO) and the International Hydrographic Organization
(IHO), for navigation, attitude and heading referencing systems using the geo-
magnetic field.
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US/UK World Magnetic Model - Epoch 2020.0
Main Field Total Intensity (F)

Contour interval: 1000 nT

Main Field
Total Intensity (F)

Position of Dip Poleskj

2000-6000 nT (Caution Zone)
0-2000 nT (Unreliable Zone)

Blackout Zones
Horizontal Field (H) Strength:

Miller Cylindrical Projection

https://www.ngdc.noaa.gov/geomag/WMM/image.shtml

Any of the magnetic elements D, I, H, X, Y, Z, F can be predicted from 
WMM Models. IGRF and WMM Models also come with a prediction 
of linear rates of change in time for the Gauss coefficients for the next 
five years. These can be used to predict rates of change in the various 
magnetic elements.
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US/UK World Magnetic Model - Epoch 2020.0
Annual Change Total Intensity (F)

Zero change
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Contour interval: 5 nT/year
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US/UK World Magnetic Model - Epoch 2020.0
Annual Change Down Component (Z)
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US/UK World Magnetic Model - Epoch 2020.0
Main Field Down Component (Z)

Zero line
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Any of the magnetic elements D, I, H, X, Y, Z, F can be predicted from 
WMM Models. IGRF and WMM Models also come with a prediction 
of linear rates of change in time for the Gauss coefficients for the next 
five years. These can be used to predict rates of change in the various 
magnetic elements.



For longer term field modeling we need some more comprehensive basis to ex-

pand the Gauss coe�cients in time. Cubic or higher order B-splines are often

adopted for this purpose.

We write

gml (t) =

NsplX

k=1

gmk
l Sk(t)

Here Nspl is the number of B-splines need to represent the time interval covered.

There is a similar equation for each hm
l . The time-dependent Gauss coe�cients

are thus linear combinations of the spline coe�cients and the piecewise polyno-

mial functions Sk(t), e.g., a polynomial of degree 3 (order 4).
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For more than just a couple of years linear time variations aren’t good enough.



  

Regularization – an Alternative to Least Squares

Example: cubic spline interpolation

Figs. 3.4.4.1 and 3.4.4.2 notes
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Interpolation Smoothing Spline - allows misfit

Splines are piecewise degree j polynomials in time used to make a continuous function and up to degree (j-1) derivatives  
at knot points where they join



Cubic splines and regularized inversion were used to make this now classic field model called gufm1, spanning 1590-1990 CE.
It is based on direct observations of the field.



SPHERICAL HARMONIC MODEL
Outside its source region the core field is represented by Gauss 
coefficients describing a scalar potential.  The field B is given by the 
gradient of this scalar potential.Spherical Harmonic Representation

!B(r, θ,φ, t) = −∇Ψ(r, θ,φ, t)

Ψ = a
∞∑

l=1

l∑

m=0

(
a

r
)l+1(gm

l (t)cosmφ + hm
l (t)sinmφ)Pm

l (cosθ).

Pm
l are partially normalized Schmidt functions, radius r, θ co-
latitude, φ longitude, t time. gm

l , hm
l are the Gauss coefficients

representing the field model.

Spatial Power Spectrum for a Field Model is Rl(t)

Rl(t) =< !Bl · !Bl >ra= (l + 1)
l∑

m=0

[(gm
l (t))2 + (hm

l (t))2]

Spatial Power Spectrum for a Secular Variation Model is Sl(t)

Sl(t) =<
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dt
· d !Bl
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>ra= (l + 1)

l∑

m=0

[(ġm
l (t))2 + (ḣm

l (t))2]
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Spherical Harmonic Representation

!B(r, θ,φ, t) = −∇Ψ(r, θ,φ, t)

Ψ = a
∞∑

l=1

l∑

m=0

(
a

r
)l+1(gm

l (t)cosmφ + hm
l (t)sinmφ)Pm

l (cosθ).

Pm
l are partially normalized Schmidt functions, radius r, θ co-
latitude, φ longitude, t time. gm

l , hm
l are the Gauss coefficients

representing the field model.

Spatial Power Spectrum for a Field Model is Rl(t)

Rl(t) =< !Bl · !Bl >ra= (l + 1)
l∑

m=0

[(gm
l (t))2 + (hm

l (t))2]

Spatial Power Spectrum for a Secular Variation Model is Sl(t)

Sl(t) =<
d !Bl

dt
· d !Bl

dt
>ra= (l + 1)

l∑

m=0

[(ġm
l (t))2 + (ḣm

l (t))2]

SH degree l represents spatial wavelength

13Finlay et al. , Earth, Planets and Space (2020)

High quality modern field models (1999-on) are 

based on comprehensive satellite and observatory data 

and use order 6 splines for better temporal resolution.

These are used to calculate secular acceleration

and its spatial power spectrum.



If we want go further back in time we have to use paleomagnetic observations

Globally distributed oriented rock samples serve as proxy magnetometers

We need to know when they acquired their magnetization by some independent 
chronological method, such as radiometric dating (radiocarbon or Ar/Ar) or correlation
to oxygen isotope records.



MEASURING THE PAST FIELD
• Paleomagnetism and Archeomagnetism
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MAGNETIC FIELD IS A VECTOR QUANTITY 

• B - magnetic field vector

• D - Declination

• I - Inclination

Figure 1.1

or equivalently by Virtual Geomagnetic pole (VGP) and 
Virtual Dipole Moment (VDM)

A Single Local Observation can be represented by

With lots of observations and age constraints to date them we can make time varying paleofield models.



100 Thousand Years of Geomagnetic Field Variations



Time series of g01 can be used to look at the power spectrum in frequency for
Earth’s axial dipole moment
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|g01(t)|
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Axial Dipole Moment

Power Spectrum of Axial Dipole Moment 
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Power Spectrum of  isg0
1

Knowing the power spectrum of  we can directly estimate the power spectrum of its secular variation or rate of change 
with time  

g0
1

dg0
1 /dt

Power Spectrum of  =dg0
1 /dt ·g0

1(t)

Sg0
1
( f ) = ℰ( | g̃0

1( f ) |2 ) S ·g0
1
( f ) = (4π2f 2)Sg0

1
( f )

 is the Fourier Transform of .g̃0
1( f ) g0

1(t)
Power spectrum for  peaks in 50 ky - 100 year range.·g0

1(t)
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Average  and Standard Deviation over TimeBr
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400 years 10,000 years

❖  in T at CMB - average across time-varying models

❖ Features are attenuated in time average

❖ N/S hemispheric asymmetry and longitudinal structure in field strength and variability

Br μ
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Spherical Harmonic Paleosecular Variation Models
A Statistical Approach

!B(r, θ, φ) = −∇V(r, θ,φ)

V = a
∞∑

l=1

l∑

m=0

(
a

r
)l+1(Gm

l cosmφ + Hm
l sinmφ)Pm

l (cosθ).

• no explicit time variation (although temporal correlations can be
included – see Hulot & le Mouël,1994)

•Gauss coefficients Gm
l andHm

l are statistical samples uniformly
distributed in time and

Gm
l ∼ N(µ m

gl , σ m
gl )2

Hm
l ∼ N(µ m

hl , σ m
hl )2

•Under this model, magnetic field directions at a location (r, θ, φ)
follow a 3-dimensional Gaussian distribution

!B(r, θ, φ) ∼ N(!µB , Σ)

with

Σ =




σ2

θ σθφ σθr

σθφ σ2
φ σφr

σθr σφr σ2
r





If σ m
gl = σ m

hl = σl then Σ will be diagonal with

Σ =




σ2

θ 0 0
0 σ2

φ 0
0 0 σ2

r





❖ A complete description of the field at any point in time 
requires that we know the Gauss coefficients, , (t).

❖ But often we don’t have good enough age constraints to 
make a time varying model - especially for lava flow data

❖ Resort to a statistical description, assuming that 
paleomagnetic observations have random temporal sampling.

❖ That allows us to calculate mean field properties and variability.

❖ Temporal correlations can be included, but this has not yet been 
done effectively.

gm
l (t) hm

l
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A Giant Gaussian Process (GGP)

For Long term Global View from Paleomagnetic Measurements without good chronological constraints -



Giant Gaussian Process (GGP) models

Constable & Parker, 1988, doi:10.1029/JB093iB10p11569

❖ At any point in time each Gauss coefficient in a spherical 
harmonic representation of the field looks like a random 
sample from a normal (Gaussian) distribution with 
specified mean and standard deviation. 

❖ Simplest GGP models have zero mean for the time 
averaged field except for the geocentric axial dipole.

❖ Local field components (X,Y, Z) will have a 3D-Gaussian 
distribution, representing PSV.  

❖ Expected directional and intensity statistics can be 
calculated for any location, sometimes analytically, more 
often by random sampling of specified distributions.

❖ Local directional and intensity distributions are neither 
Fisherian nor Gaussian, respectively. isotropic 3-D Gaussian distribution

22

http://dx.doi.org/10.1029%2FJB093iB10p11569


Spherical Harmonic Representation

!B(r, θ,φ, t) = −∇Ψ(r, θ,φ, t)

Ψ = a
∞∑

l=1

l∑

m=0

(
a

r
)l+1(gm

l (t)cosmφ + hm
l (t)sinmφ)Pm

l (cosθ).

Pm
l are partially normalized Schmidt functions, radius r, θ co-
latitude, φ longitude, t time. gm

l , hm
l are the Gauss coefficients

representing the field model.

Spatial Power Spectrum for a Field Model is Rl(t)

Rl(t) =< !Bl · !Bl >ra= (l + 1)
l∑

m=0

[(gm
l (t))2 + (hm

l (t))2]

Spatial Power Spectrum for a Secular Variation Model is Sl(t)

Sl(t) =<
d !Bl

dt
· d !Bl

dt
>ra= (l + 1)

l∑

m=0

[(ġm
l (t))2 + (ḣm

l (t))2]

SH degree l represents spatial wavelength Spatial power spectra at the core-mantle boundary of 
1000 realizations from GGP model BB18.Z3 for 0-5 Ma

Bono et al., G-cubed (2020)
23Finlay et al. , Earth, Planets and Space (2020)

 is approximately white at the CMBRl
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Spatial power spectra at the core-mantle boundary of 
1000 realizations from GGP model BB18.Z3 for 0-5 Ma

Bono et al., G-cubed (2020)

Rl (μT )2

greatly improves the fit to the seismic core radius.



Spherical Harmonic Paleosecular Variation Models
A Statistical Approach

!B(r, θ, φ) = −∇V(r, θ,φ)

V = a
∞∑

l=1

l∑

m=0

(
a

r
)l+1(Gm

l cosmφ + Hm
l sinmφ)Pm

l (cosθ).

• no explicit time variation (although temporal correlations can be
included – see Hulot & le Mouël,1994)

•Gauss coefficients Gm
l andHm

l are statistical samples uniformly
distributed in time and

Gm
l ∼ N(µ m

gl , σ m
gl )2

Hm
l ∼ N(µ m

hl , σ m
hl )2

•Under this model, magnetic field directions at a location (r, θ, φ)
follow a 3-dimensional Gaussian distribution

!B(r, θ, φ) ∼ N(!µB , Σ)

with

Σ =




σ2

θ σθφ σθr

σθφ σ2
φ σφr

σθr σφr σ2
r





If σ m
gl = σ m

hl = σl then Σ will be diagonal with

Σ =




σ2

θ 0 0
0 σ2

φ 0
0 0 σ2

r



 from Tauxe & Kent, 2004

Note the local field distributions are not isotropic and depend on location



So what is a GGP model?
• At any point in time each 

Gauss coefficient in a spherical 
harmonic representation of the field
looks like a random sample from 
a normal (Gaussian) distribution with 
specified mean and standard 
deviation. 

• Simplest GGP models have zero mean for 
the time averaged field except for the 
geocentric axial dipole.

• Local field directions (X,Y, Z) will have a
3D Gaussian distribution, representing PSV.  

• Expected directional and intensity 
statistics can be calculated for any 
location, sometimes analytically, more 
often by random sampling of specified 
distributions.

• Directional and intensity distributions are 
not Fisherian or Gaussian, respectively.

isotropic 3-D Gaussian distribution



GGP model of Tauxe & Kent (2004) - TK03.GAD 

❖ TK03 model has a non zero mean only for the Geocentric Axial Dipole

❖ Variances for Gauss coefficients of degree l and order m depend on symmetry  

c/a  is the ratio of the core radius to that of Earth (0.547)

symmetric terms

antisymmetric terms
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Instead of functional time variations like splines we can use a statistical approach

A complete description of the field at any point in time 
requires that we know the Gauss coefficients.

But often we don’t have good enough age constraints to 
make a time varying model.

Then we resort to a statistical description, assuming that 
paleomagnetic observations have random temporal sampling.

That allows us to calculate mean field properties and variability. 
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What happens to the Lowes’ spectrum when the field is downward continued to the CMB?

For Earth the spectrum is approximately white at the CMB from l=2 up to about 
degree 14.  
The depth at which the  large scale spatial power spectrum is white has been 
proposed to estimate the depth to the dynamo surface in other planets. 




