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SUMMARY

The study of the splitting and coupling of free oscillations can potentially provide some
unique information about the Earth—in particular about how density varies laterally
relative to shear velocity and bulk sound speed. Mode splitting has been studied for
many years but it is clear that the time is ripe to revisit this field. In particular, the rapid
expansion of the global seismic network and the occurrence of many large (and deep)
earthquakes in the past few years means that mode-splitting analyses are capable of
much higher precision than in the past. Some studies have already argued that 3-D
density can be recovered (and that density variations are negatively correlated with shear
velocity in the lower mantle). This result is controversial and we present some experi-
ments that indicate that claims of density recovery with the current mode data set are
premature. However, we believe that, with expanded data sets and new analysis tech-
niques, the precision needed to recover the 3-D density structure of the Earth and its 3-D
anelastic structure is now within our reach.
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INTRODUCTION

The Fiji event in March 1994 rekindled interest in obser-
vational low-frequency seismology (since it was the largest
deep event to be digitally recorded since the 1970 Colombian
event) but it was rapidly eclipsed by the Bolivian event in June
1994. Not only was the Bolivian event larger than the 1970
Colombian event but it was recorded by an unprecedented
number of observatory-quality digital stations. The top two
panels of Fig. 1 show details of a typical spectrum of a vertical-
component recording of the event, illustrating the rich spectrum
of high-Q overtones, which are sensitive to core structure. The
anomalous splitting of multiplets such as 1355 is clearly visible.
The event also excited other classes of modes that are sensitive
to mantle structure and gave some very clear observations of
low-order toroidal modes. Furthermore, on 1994 October 4,
another great earthquake occurred in the southern Kuril
Islands. This event was roughly the same size as the Bolivian
event and was at about 50 km depth. It also strongly excited
overtones. In fact, between 1994 and 1998, there were at least
21 extremely large earthquakes (Table 1) which have generated
a significant new data set and caused a renaissance in
observational low-frequency seismology.

Of course, in this age of ‘high-resolution’ tomography, one
might wonder why research on observational aspects of the
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Table 1. Earthquakes used in this study.

Event Name

Year.Day

Depth Moment

No. of
(km) (10°® Nm) records

Molucca Sea/Ceram Sea 1998.333 33 4.5 71
Balleny Islands Region 1998.084 33 18.2 81
Kamchatka 1997.339 33 5.3 110
Fiji Islands 1997.287 166 4.6 88
Santa Cruz Islands 1997.111 33 44 96
Peru 1996.317 33 4.6 97
Fiji Islands 1996.218 550 1.4 96
Flores 1996.169 587 7.3 90
Andreanof Island, Aleutians  1996.162 33 8.1 97
Irian Jaya 1996.048 33 24.1 103
Minahassa Peninsula, Celebes 1996.001 24 7.8 91
Kuril Islands 1995.337 33 8.2 83
Jalisco, Mexico 1995.282 33 11.5 96
Chile 1995.211 46 12.2 111
Loyalty Islands 1995.136 20 39 80
Honshu 1994.362 26 4.9 87
Kuril Islands 1994.277 54 30.0 101
Hokkaido 1994.202 471 1.1 76
Bolivia 1994.160 631 26.3 88
Java 1994.153 18 5.3 85
Fiji Islands 1994.068 562 3.1 83
South of Mariana Island 1993.220 59 5.2 72
Knopoff Festschrift ©2000 RAS
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Figure 1. Top two panels show details of a typical spectrum from a vertical-component recording of the Bolivian (1994 June 9) event. 80 hr of data
starting 10 hr after the event have been used to emphasize high-Q modes and a linear amplitude scale is used. Note the obvious splitting of some
modes (e.g. 1352). The bottom two panels show details of a typical spectrum for the Kuril Islands (1994 October 4) event, which is also very

overtone-rich.

Earth’s free oscillations should continue to be of interest.
Several points can be made.

(1) Free oscillation data are the only data capable of giving a
direct picture of the 3-D density variation in the Earth (as well
as being sensitive to V/V), ratios). Such information is important
for the physical interpretation of anomalies imaged by mantle
tomography, and for deducing the driving forces for mantle
flow.

(2) Although 3-D attenuation is difficult to determine with
any data type, measurements of the complete splitting matrices
of free oscillations are beginning to provide anelastic splitting
functions suitable for input in inversions for 3-D Q structure.

© 2000 RAS, GJI 143, 478-489

(3) Free oscillations provide the ‘big picture’ since they
filter out short-wavelength structure. Sometimes this can be a
good thing (as in the determination of the relative rotation rate
of the inner core—see below). Tomographic models that do
not use free-oscillation data (or high-orbit surface wave data)
frequently poorly represent the long-wavelength structure in
the Earth (which also happens to be of the largest amplitude).
In this respect, free-oscillation data are complementary to the
body wave data sets commonly used in mantle tomography.

In this paper, we consider some of the problems in large-
scale Earth structure that can be tackled using free-oscillation
data.

Knopoff Festschrift
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STRUCTURE COEFFICIENTS AND
SPLITTING FUNCTIONS

Since free oscillations ‘see’ the long-wavelength component
of 3-D structure, it is convenient and efficient to parametrize
3-D structure (dm=0Jp, Ok, Ou...) as an expansion in spherical
harmonics:

om(r, 0, 9)="y_ om(n)Y{(0. 9). Q)
where Y] is a fully normalized surface spherical harmonic. In
general, om may be complex and the imaginary part represents
3-D anelastic structure. A free-oscillation ‘structure coefficient’
is a depth-weighted average of the expansion coefficients of
structure and will also generally have a real and imaginary part:
d+idl = J M, (r) - 6m'(r) dr, 2
where M(r) is a vector of ‘sensitivity kernels’ that can be
computed for any particular mode (Woodhouse & Dahlen
1978; Woodhouse 1980; Henson 1989; Dahlen & Tromp 1998).
We refer to the ¢! as the ‘elastic structure coefficients’ and
the d! as the ‘anelastic structure coefficients’. Once structure
coefficients have been measured, eq. (2) indicates that we have

a linear inverse problem to solve for the coefficients in the
spherical harmonic expansion of 3-D structure.

c40

We often visualize the 3-D structure sensed by a mode by
computing the elastic splitting function (e.g. Fig. 4):

F0.9=>">" Y0, 9).

s t=—s

3)

A similar function can be generated for anelastic structure
where the c!s are replaced by ds. [Since the splitting functions
are real, we have the relationship ¢; ‘=(—1)"(c5)* ]

The existing structure coefficients were mostly measured
using the non-linear ‘iterative spectral fitting’ (ISF) technique
(Ritzwoller et al. 1986, 1988; Giardini et al. 1987, 1988; Resovsky
& Ritzwoller 1998; He & Tromp 1996). This technique requires
a model of the source that may become quite inaccurate at
moderate frequencies (10 mHz) for the extremely large earth-
quakes needed to excite overtones with a good signal-to-noise
ratio (SNR). We have recently introduced a new method—the
matrix AR method—that requires no information about the
source (Masters et al. 2000a). A summary of the underlying
theory is given below.

It is instructive to compare some of the different estimates of
structure coefficients that have appeared in the literature. We
find that there is often agreement for structure coefficients
of degree 2 (e.g. Fig. 2) but agreement for structure coeffi-
cients of degrees 4 and 6 is typically poor and the errors are
sufficiently large that the measurements are often indistinguish-
able from zero (e.g. Fig. 3). Sometimes, even the degree 2
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Figure 2. A selection of spheroidal-mode structure coefficients for the first overtone branch. Different symbols indicate the estimates of Resovsky
& Ritzwoller (1998) (R&R), He & Tromp (1996) (H&T), Smith & Masters (1989) (S&M), unpublished values of Um (Um) and recent measurements
of Laske & Masters (unpublished) (L&M) using the AR method. The black dots denote the ‘best estimate’, which is typically the median of all
values. The s=2 coefficients agree well between workers but the s=4 coefficients show considerable scatter.
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Figure 3. A selection of spheroidal-mode structure coefficients for the second overtone branch. In contrast to the ;.S; branch, the ¢/s for the ,S;
modes are much more inconsistent between workers, even for s=2. For details see Fig. 2.
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Figure 4. A comparison of splitting functions between He & Tromp (1996) and Laske & Masters (1999) for the three core-sensitive modes 1S4,
1353 and 13S5. The splitting functions are obtained using eq. (3) and the effects of rotation and ellipticity have been removed. There is considerable
disagreement between these maps (the correlation of all maps is well below the 95 per cent confidence level for s=4, 6).
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structure coefficients differ and the overall splitting functions
of the modes correlate poorly (e.g. Fig. 4).

We have compiled a preliminary data set of structure
coefficients of mantle-sensitive modes. This compilation is a
mixture of our own work, the iterative spectral fitting results of
Resovsky & Ritzwoller (1998) and He & Tromp (1996), and
peak shift and surface wave dispersion data. Where possible,
we use structure coefficients up to degree 6 but we note that
most of the signal is in degree 2. The results of different studies
are not always in agreement and we have used along-branch
consistency arguments to choose ‘best’ values and assign
credible errors (e.g. Figs 2 and 3). The data set includes (S5 ¢,
15310 254-13, 356,8,9, 5948, 07450, 1719, and 75 45.

PRELIMINARY INVERSION FOR 3-D
DENSITY

The ‘best-estimate’ structure coefficient data set has been used
(along with others) to perform joint inversions for bulk sound

Table 2. Fit of density models to modes.

Data set 1IN 7N N
initial final
Experiment 1: dpocd V.
nSe (s=2,4,6) 29.4 0.7 1890
Sy (s=2) 93.5 1.4 375
2Ty (s=2,4,6) 29.1 1.0 810
wTr (5=2) 38.5 1.0 215
Experiment 2: dpocdVy
nSr (s=2, 4, 6) 29.4 0.7 1890
wSr (5=2) 93.5 1.1 375
nTy (s=2, 4, 6) 29.1 1.0 810
nTy (s=2) 385 1.0 215
Experiment 3: dp independent
nSr (s=2, 4, 6) 29.4 0.6 1890
Sy (s=2) 93.5 0.9 375
W Is(s=2,4,6) 29.1 0.9 810
2Ty (s=2) 38.5 0.8 215
Modes Ve

[%]

1.1

0.7

0.3

-0.3

0.7

1.1

dinp=1.33dIn Vc

Figure 5. A joint inversion for shear velocity (V, left column) and bulk sound speed (V,, right column) using the ‘best estimate’ structure
coefficient data set described in the text and Figs 2 and 3. Each panel shows the relative variation of velocity at a particular depth inside the
Earth. Density was scaled to be proportional to V., and so is negatively correlated to V in the lower mantle. The scale of the density variations is
the same as that of the variations in V., which is half the scale for V. Figs 5-7 may be viewed in colour in the on-line version of the journal

(www.blackwell-synergy.com).
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speed and shear velocity in the mantle (Masters et al. 2000b).
Of course, the data are also sensitive to density and we
normally accommodate this by scaling density perturbations to
either shear velocity or bulk sound speed. Fig. 5 shows the
model produced by inverting the mode data alone and scaling
density to bulk sound speed (the scaling we use is equivalent to
an Anderson-Griineisen parameter, dg, of 2.5). Because bulk
sound speed is negatively correlated with shear velocity in the
lower mantle, this model implicitly has a density that is also
negatively correlated with shear velocity—in agreement with
the results of Ishii & Tromp (1999). For degree 2, where there is
most signal, the model reduces y*/N from 93.5 to 1.4 for
spheroidal modes and from 38.5 to 1.0 for toroidal modes
(Table 2). The possibility that density is negatively correlated
with shear velocity near the base of the mantle is currently of
great interest since it might support a model of layered mantle
convection recently proposed by Kellogg er al. (1999). This
model has a chemically distinct layer above the core-mantle
boundary (CMB) of highly variable thickness and is capable of

Modes Vs

[28]

2.2
1.4
0.6

-0.6
-1.4
-2.2
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explaining many geophysical and geochemical observations.
Iron enrichment in this layer could lead to an anti-correlation
of shear velocity and density.

To test whether the anti-correlation is robust, we repeat the
inversion but now with density scaled to shear velocity (Fig. 6).
The shear velocity model is almost identical to that shown in
Fig. 5 and the bulk sound speed is now not as well correlated
with the shear velocity in the upper mantle but is still strongly
negatively correlated to the shear velocity model in the lower
mantle. This model actually fits the data better than the one
where density is forced to be proportional to bulk sound speed
(*/N is now 1.1 for spheroidal modes and 1.0 for toroidal
modes) but the improvement in fit is marginal. A detailed study
of the misfit shows that no mode branches are systematically
misfitted for either model.

Finally, we performed an inversion where the density is
allowed to go free. The result is shown in Fig. 7 and the fit is
given in Table 2 (4*/N is now 0.9 for both spheroidal and
toroidal modes). Interestingly, this model also shows a positive

Modes Vc

din p=0.4dIn Vs

Figure 6. A joint inversion for shear velocity (V, left column) and bulk sound speed (V, right column) but now with the density scaled to be
proportional to V. Note that in both inversions, ¥ and V, are anti-correlated at the base of the mantle. This is a stable feature that is seen in
many joint V./V; models (Masters et al. 2000b). The scale of the density variations is the same as that of the variations in V., which is half the

scale for V.
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Figure 7. A joint inversion for shear velocity (V, left column) and bulk sound speed (7, right column) but now with the density being solved for
independently. In this inversion, as in the two previous ones, V; and V, are anti-correlated at the base of the mantle. Also note that density and
shear velocity are not anti-correlated at the base of the mantle, which is in contrast to what was found in the recent study of Ishii & Tromp (1999).
The scale of the density variations is the same as that of the variations in V., which is half the scale for V.

correlation of density to shear velocity in the lowermost model,
again in contradiction to the results of Ishii & Tromp (1999),
although the difference in fit to the data for any of the models is
rather small.

We take these results to imply that the current data set can-
not distinguish between models in which density is positively or
negatively correlated to shear velocity in the lower mantle. It
is interesting to note, however, that the anti-correlation of
bulk sound speed to shear velocity near the base of the mantle
does not depend on the choice of scaling for density. The anti-
correlation persists when body wave and surface wave data sets
are included in the inversion and is a robust feature that is
also seen by other workers (e.g. Su & Dziewonski 1997).
Both the anti-correlation of ¥ and ¥V, and the high values for
the ratio of shear versus compressional velocity variations
R=d Inv,/d Inv, with values that exceed 2.0 are indicative that
the 3-D structure at the base of the mantle cannot be caused
by purely subsolidus thermal effects but that compositional
changes and/or partial melt play a significant role (see Masters
et al. 2000b for details).

Knopoff Festschrift

In following sections, we show how more precise measure-
ments can be obtained. A potential future application to the
determination of 1-D density by Coriolis coupling and splitting
parameters is given in Appendix A.

THE MATRIX AR TECHNIQUE

For simplicity, we consider the theory for an isolated multi-
plet—the extension to overlapping and/or coupled multiplets
is trivial. Our starting point is the representation of an isolated
split multiplet first given by Woodhouse & Girnius (1982)
(see also Landau & Lifshitz 1958, Section 40):

2041

w()=>_ Rpar(t)e™  or  u()=R-a() ", 4
k=1

where the real part is understood. The jth row of Ry isa 241
vector of spherical harmonics that describe the motion of

© 2000 RAS, GJI 143, 478-489



the spherical-earth singlets at the jth receiver and is readily
calculated. @ is the multiplet degenerate frequency and a(t) is
a slowly varying function of time, where the autoregressive
(or AR) property is given by

a(f)= exp (iH1) - a(0), (5)

where a(0) is a 2/ + 1 vector of spherical-earth singlet excitation
coefficients that can be computed if the source mechanism of
the event is known. H is the complex splitting matrix that
completely characterizes the effect of 3-D elastic and anelastic
structure on the mode, so H is what we want to solve for.
For each event we form the ‘receiver strips’ (e.g. Fig. 8)

b(H)=R ' -u(t)= exp[i(H +1d)7] - a(0). (6)
This operation is stable since R is well conditioned for a typical

distribution of stations. Note that b(z) satisfies a recurrence in
time given by

b(t+01)=P(5£)-b(), @)
where
P(5f)= exp [i(H+1@)d1]. (8)

The set of equations (7) and (8) gives the theoretical basis for
estimating the splitting matrix and does not depend on the
source. If we can recover P from the data, it is straightforward
to obtain H using an eigenvalue decomposition of P. To

Receiver Strips for 1S5-254
(dataset: 11 events)

254

1S5

1.36 1.38
Frequency

Figure 8. A stack of receiver strips for the weakly coupled mode
pair |Ss5/,S,. Strips were stacked for the 11 largest events since 1994
(see Table 1) to enhance the SNR. Each strip is a linear amplitude
spectrum normalized to unit peak amplitude. The panels show a joint
determination of the strips for both modes with the nine strips of Sy
at the back. A record length of 70 hr was used, which is close to the
optimal record length for the faster decaying mode {Ss.

© 2000 RAS, GJI 143, 478-489
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recover P, we calculate the spectra of the data, u(¢), at different
time lags, 6¢, and then form the receiver strips using eq. (8). We
write the spectra of the receiver strips formed from data lagged
by ndt as b,(w). Transposing eq. (9) gives a matrix system
where each row is a 2/+1 vector of receiver strips at a
particular frequency:

i (@)]  [bl(w)
by (@2) b ()
+1 _ .pT ©)
by, (w3) b, (@3)
or
B,.1=B,-PT. (10)

Eq. (10) can be made overdetermined and solved for PT by
stacking receiver strips from different events and, in principle,
the SNR can be improved by taking multiple lags and by
using multiple tapers. Note that stacking events is particularly
straightforward since the procedure does not require the source
mechanism to be known. In fact, our technique is insensitive
to both the temporal and the spatial locations of the event and
is valid for overlapping events, provided the lagged windows
include no new sources.

The splitting matrix and the structure coefficients are linearly
related. To separate elastic and anelastic effects, we perform the
unique decomposition

H=E+iA, (11)

with E=(H+H™)/2 and /A =(H—H™)/2, where superscript H
indicates Hermitian transpose. Both E and A are Hermitian
and can be written

_ 2 : mm' m—m' . _ 2 : mm' gm—m'
Emm’ - Vs Cs i Amm’ - Vs ds 5 (12)

5 5

where we have removed the effects of centrifugal force and
ellipticity, the ys are integrals over three spherical harmonics
that are easy to compute, and the ¢} and d! are the structure
coefficients of eq. (2).

From eqs (2) and (12) we see that E and A can be inverted
directly for 3-D structure. Alternatively, eq. (12) can be solved
for the structure coefficients and then eq. (2) for 3-D structure.
The relation (12) can easily be solved for the cls using the
orthogonal transformation (Gilbert & Woodhouse 2000)

Y /! y I3 /
E yltvn +t,m V?’l +tm —const 6&?’ .
m

Penalties may be included for rough structure (i.e. high s).

AN EXAMPLE: COUPLED MODES

Measuring the complete splitting matrix of coupled modes
gives us the opportunity to constrain structure of odd harmonic

Knopoff Festschrift
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degree. An example for the weakly coupled pair of multiplets
>S4 and S5 is summarized Figs 8 and 9. The receiver strips
visually separate the two coupled multiplets (Fig. 8). Measured
and predicted splitting matrices are shown in Fig. 9. The
theoretical splitting matrices were obtained using the coupled-
mode code of Park & Gilbert (1986). Rotation of the Earth,
ellipticity and elastic whole-mantle model S16B30 (Masters et al.
1996), but no 3-D attenuation, were included in the calcu-
lations. While the diagonal self-coupling blocks of H constrain
structure of even degree (up to s=38 for ,S; and s=10 for |S5),
the off-diagonal cross-coupling blocks of H contain infor-
mation on odd-degree structure 1 <s<9. While our data set
is now large enough to constrain reliably the elastic splitting
matrices E for a variety of isolated modes (see Masters et al.
2000a), the number of available events is still too small to
determine odd-order structure with the same precision. However,
the good agreement of the basic signal in the cross-coupling
blocks with that of predictions from a mantle model indicates
that this will no longer be true in the not too distant future.
We also have to be aware that analysing a strongly coupled
mode as if it were an isolated mode may lead to biased

results. The strong coupling effects for mode pair ,Sy—75; is
summarized in Figs 10 and 11. The receiver strips are no
longer visually isolated and the spectral lines do not represent
individual singlets. The lower panel of Fig. 10 indicates that ,S,
interacts with the m=0 line of ;S, most strongly and the
coupling causes the lines to repel each other. In our example,
the coupling (using only a mantle model) causes a frequency
shift for ,S, of 0.33 puHz, which is about twice the value
of a conservatively chosen measurement error for »,S,. Hence,
measuring the frequency of ,Sy ignoring the strong coupling to
2S5 gives values that are too low (see also Park 1990). Also note
that the measured receiver strips are more complicated than
the predicted ones. This is caused by the large-amplitude 3-D
structure in the inner core, which was ignored in the synthetic
example. Also note that the frequencies of ;S5 are spread over a
much larger range than predicted. This phenomenon is know
as ‘anomalous splitting’ and is also attributed to the strong
anisotropy in the inner core (e.g. Woodhouse et al. 1986).
Predicted and measured splitting matrices for the coupled
mode pair ,Sy/75; are shown in Fig. 11. Note the large element
in the real part of the off-diagonal cross-coupling block that is

2S4-1S5 Elastic Splitting Matrix

Synthetic Real Part
4-5
T

Synthetic Imaginary Part

4-5 5 [uHz]

-4

1S5

T T T
0.85

0.65
0.45
0.25
0.05
-0.15
-0.35
-0.55
-0.75
-0.95

254

1S5

Data Real Part

Data Imagmary Part
5 [uHz]

(LIS

=

] .I
254

" -

0.90
0.50
0.10
-0.30
-0.70
-1.10

- 'L
l_d$ m _122

1.70

1.30
|

(18 events used in AR method)

Figure 9. Predicted and measured elastic splitting matrix E of the coupled mode pair ;S5/,S,. Note that the signal in the diagonal self-coupling
blocks is generally somewhat larger in the observations than in the predictions. Also note that some predicted features show up in the measured off-
diagonal cross-coupling blocks (e.g. dark at upper left corner, light towards the lower right) but that the SNR is probably still too low to extract

reliably odd harmonic structure from these blocks.
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Prediction for Coupling Real Data
by Mantle
752 792
2S0
230
2.510 2.520 2.530 2.50 2.52 2.54
Frequency Frequency
S, — .S
2596 792 ~ 290
X

2.524} O uncoupled

0500k coupled
— ~ X real data
:|E: 2.520} o & (AR method)
<. 2518}
o ey
§ 2516F ©

X

8 2.514f X
L X

2512}

2.5101 0 e+ 250

2508 i 1 1 >I< 1 1

-2 -1 0 1 2
m

Figure 10. (Top) Synthetic (left) and measured (right) receiver strips for the strongly coupled mode pair ,S,/;S5 for the 1994 Bolivia event. The
synthetic strips were calculated considering rotation and hydrostatic ellipticity of the Earth as well as aspherical mantle structure (S16B30; Masters
et al. 1996). The procedure no longer visually separates the two modes and some of the m =0 line of 7S, appears to be mapped into the strip of ,Sj.
(Bottom) Theoretical and measured singlet frequencies for mode pair ,Sy/7S,. Coupling causes the frequencies of ,S, and the m=1 line of 7S5, to
repel each other. The singlet frequencies measured with the AR method are also given. Note that mode 7S5, is anomalously split (presumably due

to inner core structure).

common to both predicted and measured matrices. This row
and column contain information for s=2.

CONCLUSIONS

The study of the splitting and coupling of free oscillations can
potentially provide some unique information about the Earth.
The rapid expansion of the global seismic network and the
occurrence of many large (and deep) earthquakes in the past
few years means that mode splitting analyses are capable
of much higher precision than in the past. We believe that
the precision needed to discuss the 3-D density structure of the
Earth and its 3-D anelastic structure is within our reach.
We propose a new technique (the matrix AR method) to
perform this analysis. We have demonstrated that the method
works and it has the significant advantage that it requires no

© 2000 RAS, GJI 143, 478-489

information about the source. This means that we can analyse
higher-frequency modes than have been attempted in the past,
and that we avoid the trade-off between source size and
attenuation that can afflict other techniques.
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7S2-2S0 Elastic Splitting Matrix

Synthetic Real Part
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Figure 11. Predicted and measured splitting matrix of the coupled mode pair ,S,/7S5. Note the large element in the real part of the off-diagonal
cross-coupling block that is common to both predicted and measured matrices. The signal in the 75, self-coupling blocks is much larger in the
observations than in the predictions due to effects of inner core structure. Note that the traces in the diagonal self-coupling block are individually
made zero, hence the (6, 6) element of E does not represent the frequency of ,Sj.
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APPENDIX A: CORIOLIS COUPLING
AND SPLITTING PARAMETERS

We shall make reference to Appendix D of Dahlen & Tromp
(1998). We write U, V for the displacement scalers u, v in
their notation. Let us write the elastic splitting matrix in the
form

E= E3D +W+(Vell+cen 70\)61-611)/2600 , (Al)

where o (sometimes written @) is the reference or
fiducial frequency for a set of coupled multiplets. The
effects of VU _ 2T ! cannot be distinguished from those
of aspherical structure (¢3) and it is customary to calculate
yeltreen _ )27l for a 1-D model and subtract it from eq. (Al)
so that

E=EP+W. (A2)

In eq. (A2), E°P is the elastic splitting matrix due to 3-D
structure and W is due to the Coriolis force.

For a split spheroidal multiplet (a self-coupled block of E),
the diagonal of E®P is symmetric in m because it represents
axisymmetric structure. It is well known that W in this case is
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diagonal and linear in m. Let

Om=3ml[(20+ 1)L+ 1)]. (A3)

Then

> dmEgm =0 (A4)

and

Z ¢m I/me = Z Emm = XQ 5 (AS)

where y is the Coriolis splitting parameter,

7= J PV +2UV]r dr. (A6)
0

We see that y can be determined from the splitting matrix. It is
a linear integral constraint on the 1-D density.

For a Coriolis-coupled spheroidal-toroidal pair of multiplets
»Syand ,, Ty we must have /'=/+ 1. In this case the diagonal of
the coupling block of E for which =0 (m'=m) is odd in m. Let

Gm=3(000 1Sl €+ 00— 1 Semll') (A7)

where S, =[(/ +m) (¢ —m)I(2/ +1)2¢ —1)]""%. Then, eq. (A4)
is again true and

> b= —iQ, (A8)
where ( is the Coriolis coupling parameter,

SN CLEL (A9)
0

and W(r) is given in eq. (D.71) of Dahlen & Tromp (1998).
We see that (, like y, is a linear constraint on the 1-D density.
Both can be recovered from E.

Every spheroidal multiplet (/>0) is a potential source for
a value of y and every Coriolis-coupled spheroidal-toroidal
pair is a potential source for a value of {. There are hundreds
of the former and many tens of the latter below 5 mHz.
Consequently, it is reasonable to expect to be able to resolve the
1-D density with great accuracy in the not too distant future. It
is equally reasonable to expect to be able to estimate the
moment of inertia of the 1-D earth model.
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